
Technical Memorandum 

APOLLO TELEMETRY FRAME 
SYNCHRONIZATION TECHNIQUES 
by T. W. COLEMAN and J. W. MclNTYRE 

N 6 7 - 3 8 2 3 5  

T H E  J O H N S  HOPKINS U N I V E R S I T Y  A 

.<- 

P P L I E D  PHYSICS LABORATORY 

Dirlribution of this document i s  unlimited 



I 

t 
TG-9 17 

4 MAY 1967 10 c,q I 
8 

I Technical Memorandum 
1 
E 
I 

5 APOLLO TELEMETRY FRAME 
SYNCHRONIZATION TECHNIQUES 6 
bydT. W. COLEMAN and J. W. MclNTYREcl 8 

I 

------. 
-------+ 

"~ Ir. ~ ~ -**-"".-e"..--- *-- 

. -  
I 

P 
T ~ O H N S  H O P K I N S  =YAPPLIED PHYSICS 

P 
$5 

Spring, Maryland 0910 
with the Department of the Naq 

2-{ f.1 t '..t 
\ 

Distribution of thlr document IS un lmted 

I 



I 
I 
I 
I 
8 
E 
t 
t 
P 
I 
E 
8 
3 
I 
t 
T 
I 
I 
8 

THE JOnNS HOPKINS UNIVERSITV 

APPLIED PHYSICS LAaORATORY 
SILVER SPRING H A m V L A N D  

ABSTRACT 

An a n a l y s i s  h a s  been made o f  d a t a  frame s y n c h r o ' n i z a t i o n  
c o n t r o l  f o r  Apol lo  downlink t e l e m e t r y .  The b a s i c  o b j e c t i v e  was to 
d e t e r m i n e  t h e  e f f e c t s  o f  v a r y i n g  the  s w i t c h -  c o n t r o l l e d  e r r o r  
t o l e r a n c e  t h r e s h o l d s  of two t y p e s  o f  e x i s t i n g  o p e r a t i o n a l  equipment .  
C r i t e r i a  f o r  s e t t i n g  t h e s e  e r r o r  t o l e r a n c e  s w i t c h e s  a r e  p r e s e n t e d .  
The c r i t e r i a  a r e  e s t a b l i s h e d  t o  c o n t r o l  t he  a v e r a g e  t imes  s p e n t  
i n  the  a c q u i s i t i o n  and l o c k  modes  o f  t h e  d a t a  decommutation p r o c e s s .  
Any c h o i c e  of s w i t c h  s e t t i n g s  would be dependent  upon t h e  d a t a  q u a l i t y  
and q u a n t i t y  r e q u i r e m e n t s  of  a p a r t i c u l a r  m i s s i o n .  Examples o f  
s w i t c h  s e t t i n g  c r i t e r i a  a r e  t h e r e f o r e  g i v e n  which depend upon "maximum 
a c c e p t a b l e "  b i t  e r r o r  r a t e s  based on assumed o p e r a t i o n a l  r e q u i r e m e n t s .  
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INTRODUCTION 

A PCM decommutator operates to decommutate or 
segment a consecutive series of binary pulse coded signals 
in accsrdance with a predetermined telemetry frame format. 
The format contains a reference mark or frame synchronization 
phttern. The decommutator must locate this pattern and verify 
that it is a true or valid pattern. Decommutation is then 
accomplished by referencing each data segment to the frame 
synchronization pattern. 

The part o f  the PCM decommutator that performs the 
synchronization function is the synchronization subsystem. 
This subsystem has various preset constants that allow the 
synchronization threshold t o  be varied. 

The purpose of this report is to provide insight 
into the effects of  varying the frame synchronization 
threshold on (1) the average times associated with acquiring 
frame synchronization and (2) the probabilities of maintaining 
this synchronization over a given time interval. Synchronization 
thresholds are determined by allowing a preset number of bit 
errors in each synchronization pattern and a preset number 
of consecutive patterns to have bit errors exceeding the allowed 
number prior to reverting t o  an inferior synchronization mode. 
The threshold values are therefore presented in terms of switch 
settings on the PCM decommutators which provide practical 
application of the csmputation results. 

In order to provide a synchronization method which 
indicates desirable threshold settings it is necessary t3 have 
a synchronization criterion. The criterion selected should 
suit the needs o f  the data user. Many criteria are available. 
Discussion o f  some criteria is provided to allow selection a f  
one believed best f o r  the particular use of thc decomrnutators 
in the NASA Manned Space Flight Tracking Network. 

Decommutator Systems - the Dynatronics, Inc., (MSFTP-2), PCM 
Decommutator, and the Electro-Mechanical Research, Inc., Manned 
Space Flight Telemetry PCM System 1 (MSFTP-1). Both systems 
have similar frame synchronization subsystems with the exception 
that the Dynatronics System has an additional search phase not 
implemented in the MSFTP-1 System. Section 1 describes the 
speration o f  these subsystems. 

This report is restricted to considering two PCM 

- 1 -  
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Computation examples  a r e  p r e s e n t e d  u s i n g  t h e  Apo l lo  
' 3mmand S e r v i c e  Module (CSM) 51,200 b i t s  p e r  second t e l e m e t r y  
fo rma t .  T h i s  fo rma t  c o n s i s t s  o f  a 26 b i t  f rame s y n c h r o n i z a t i a n  
p a t t e r n  immedia te ly  fo l lowed  by a 6 b i t  frame i d e n t i f i c a t i o n  
( I D )  code. A d a t a  f rame i s  1 0 2 4  b i n a r y  b i t s  i n  l e n g t h  p r o v i d i n g  
3 frame r a t e , h e n c e  s y n c h r o n i z a t i o n  p a t t e r n  r a t e ,  o f  50 f r ames  
p e r  second. One d a t a  f rame t h e r e f o r e  c o n t a i n s  a s y n c h r o n i z a t i o n  
p a t t e r n ,  an I D  code,  and 992 b i t s  which convey i n f o r m a t i o n  
i n  124 quan ta  or wards o f  8 b i n a r y  b i t s .  

All frame s y n c h r o n i z a t i o n  c o n s i d e r a t i o n s  i n  t h i s  
r e p o r t  assume p e r f e c t  b i t  c l o c k  r e g e n e r a t i o n .  The cl3ck 
r e g e n e r a t i o n  i s  performed by a b i t  s y n c h r o n i z e r  subsys tem.  
Received data a r e  f i r s t  p r o c e s s e d  t h r o u g h  t h i s  subsys tem 
of t h e  decommutator which phase  locks a r e g e n e r a t e d  b i t  clock 
t o  t h e  inc3ming d a t a .  It t h e n  u s e s  t h i s  clock t 3  t ime  and 
a s s i s t  i n  s q u a r i n g  t h e  n o n - r e t u r n - t o - z e r o  d a t a  b i n a r y  p u l s e s .  
The b i t  c l o c k  r e g e n e r a t i 3 n  3r b i t  s y n c h r o n i z a t i o n  s i g n a l  
p rov ides  t h e  b a s i c  c l o c k  f o r  t h e  PCM decsmmutator .  

Formulas u t i l i z e d  i n  computing p r o b a b i l i t i e s  and 
ave rage  t i m e s  a r e  p r e s e n t e d  or developed  i n  t h e  Appendices .  
It w i l l  be  n o t e d  t h a t  some fo rmulas  approximate  t h e  d e s i r e d  
v a l u c s .  These appraxirnat i31ls  s h a u l d  be v a l i d  i n  g e n e r a l  
u n d e r  t h e  preser l ted  a s sumpt ions  a n d  do p r s v i d e  c o n s i d e r a b l e  
camputa t ionc l l  s i m p l i f i c h t i a n .  A d d i t i a n a l l y ,  examples  a r e  
shswn of  t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  f r 3 m  which t h e  averagE 
t i m e s  were de t e rmined .  

- 2 -  
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1. DESCRIPTION O F  FRAME SYNCHRONIZATION SUBSYSTEM OPERATION 

The frame s y n c h r s n i z a t i o n  subsystem a p e r a t e s  i n  
t h r e e  s e q u e n t i a l  modes: s e a r c h  mode, check o r  v e r i f y  made, 
( c s l l e d  check made for t h i s  r e p o r t ) ,  and l 3 c k  mode. S e a r c h  
m d e  o p e r a t i o n  examines t h e  incaming s e r i a l  d a t h  i n  26 k i t  
c c t s  ( fsr  Apalla dats), s h i f t i r , g  aut an2 a l d  b i t  and 
s h i f t i n g  i n  3ne  new b i t ,  u n t i l  b s y n c h r o n i z a t i a n  p s t x e r n  i s  
found.  F i n d i n g  t h e  f i r s t  p z t t e r n  which can c a n t a i n  zt mast  
E b i t  e r r o r s  t e r m i n a t e s  rhe  s e a r c h  made far t h e  MSFTP-1 

System. 
@l ' 

The D y n a t r a n i c s  System h a s  a two-phase s e a r c h  mode. 
The f i r s t  phase i s  t h e  same a s  for t h e  MSFTP-1 System. The 
second phase  c a n t i n u e s  t h e  s e a r c h  on a b i t  by b i t  b a s i s  f a r  
an a d d i t i a n a l  t ime e q u a l  t o  one t e l e m e t r y  frame l e n g t h  l e s s  
t h e  number of b i t s  i n  t h e  s y n c h r s n i z a t i o n  p a t t e r n .  If a 
p a t t e r n  c a n t a i n i n g  up  to E b i t  e r r o r s  i s  found w i t h i n  t h i s  
t i m e  t h e  second phase te rmina tes . ,  t e r m i n a t i n g  t h e  s e a r c h  
mode. I f  an  a d d i t i o n a l  p a t t e r n  i s  n o t  found,  phase  two 
t e r m i n a t e s  a t  t h e  end o f  the frame l e n g t h  i n d i c a t e d  by t h e  
f i r s t  s y n c h r o n i z a t i a n  p a t t e r n .  The v a l u e  sf E i s  g e n e r a l l y  

s e t  t o  be l e s s  t h a n  t h e  v s l u e  of  E . The two-phase s e a r c h  

mode can i n c r e a s e  t h e  p r o b a b i l i t y  a f  t e r m i n a t i n g  s e a r c h  
o p e r a t i o n  w i t h  a v a l i d  frame s y n c h r o n i z a t i a n  p a t t e r n ,  
a s  i s  shown l a t e r .  

$2 

@2 

61 

S e a r c h  made t e r m i n a t i o n  i n i t i a t e s  t h e  check mode. 
The check mode checks o r  v e r i f i e s  t h a t  a v a l i d  s y n c h r o n i z a t i o n  
p a t t e r n  o c c u r s  a t  t h e  known frame l e n g t h .  A v a l i d  p a t t e r n  i s  
d e f i n e d  a s  one c o n t a i n i n g  at, mast Ec b i t  d i f f e r e n c e s  fram t h e  
t r u e  p a t t e r n .  A d d i t i o n a l l y ,  t h e  check mode can r e q u i r e  Fc 
c o n s e c u t i v e  checks o f  the  s y n c h r a n i z a t i o n  p a t t e r n .  If a 
p a t t e r n  c o n t a i n s  more t h a n  Ec b i t  d i f f e r e n c e s  f rom t h e  t r u e  
p a t t e r n  d u r i n g  t h e  Fc t imes  t h e  p a t t e r n  i s  checked, t h e  
s y n c h r o n i z a t i o n  subsys tem r e t u r n s  t a  t h e  s e z r c h  mode. I f  t h e  
F c a n s e c u t i v e  checks a r e  s a t i s f a c t o r y  t h e  check mode i s  
t e r m i n a t e d ,  i n i t i a t i n g  t h e  l o c k  mode. 

C 

- 3 -  
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The search and check modes are referred to as 
the frame synchronization acquisition phase. Completion 
of this phase in a minimum time i s  desirable to increase 
the time spent in lock mode operation. However, the amount 
o f  time spent in the acquisition phase is proportional t o  
the probability o f  entering lock mode operation with valid 
frame synchronization. The amount of  time is directly 
related to the number of times, Fc + 1, that a valid pattern 
is observed which decreases the probability that random 
combinations o f  bits would pass as valid synchronization 
patterns. Therefore, one compromise in establishing an 
operational frame synchronization criterion is the relation 
between minimizing acquisition time and maximizing the 
probability of  valid synchronization. 

The highest order or level o f  frame synchronization 
occurs when the synchronization subsystem operates in the lock 
mode. The synchronization pattern is examined each frame fsr 
the occurrence o f  a valid pattern. A valid pattern is defined 
as one containing up to EL bit differences from the true 
pattern. 
consecutive invalid patterns must be detected to cause lsss 
o f  lock,automatically switching the synchronization subsystem 
to search mode operation. 

Lock mode operation is instrumented such that FL 

The probability 3f maintaining operation in the l3ck 
mode is proportional to the number of allowed bit differences, 

criterion is to maximize the probability 3f maintaining 
synchronization lock. Since data output from the decsmmutat3r 
is generally programmed to occur only when the greatest 
probability of  valid synchronization is available, maximizing 
the lack time would provide the greatest amount sf output data. 

and consecutive invalid frames, FL. One operati2nal 

The frame synchronization threshslds are set by the 
values o f  E , for the search mode; Ec, Fc, f3r the 

check modejand F$,FLJ for the lock mode. Each o f  these value,; 
is instrumented by a "Digiswitch" setting on the appropriate 
PCM decsmmutator. The E switches allow synchronization pati'r'r 
bit differences from the true pattern ts be preset within th- 
range 3f zero to nine bits. Each pattern satisfying the pre;'i 
requirement is defined as a valid synchronization pattern. 

$1 
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The F s w i t c h e s  al low a p r e s e t  number o f  c 3 n s e c u t i v e  
p h t t e r n s  w i t h i n  t h e  r a n g e  of one t o  n i n e t e e n  to be e s t a b l i s h e d  far 
s y n c h r m i z a t i o n  subsys tem o p e r a t i o n .  The s e t t i n g  Fc r e q u i r e s  
t h a t  t h i s  number of v a l i d  p a t t e r n s  be r e c o g n i z e d  i n  t n e  check 
mode b e f o r e  advancing  t o  the lock mode. I f  one i n v a l i d  p a t t e r n  
i s  d e t e c t e d  b e f o r e  Fc v a l i d  p a t t e r n s  a r e  d e t e c t E d ,  
s y n c h r o n i z a t i o n  o p e r a t i o n  r e v e r t s  t 3  t h e  s e a r c h  rilode. The 
s e t t i n g  of FL r e q u i r e s  t h a t  t h i s  number o f  i n v a l i d  p a t t e r n s  
must be d e t e c t e d  b e f o r e  t h e  l o c k  l e v e l  of s y n c h r o n i z a t i o n  
i s  lost. The subsys tem again r e v e r t s  t o  s e a r c h  o p e r a t i o n .  
If a s e r i e s  of i n v a l i d  p a t t e r n s  numbering l e s s  t h a n  FL 3 c c u r s  
b u t  one v a l i d  p a t t e r n  i s  then d e t e c t e d ,  t h e  count  of i n v a l i d  
p a t t e r n s  i s  rese t  to z e r o .  The subsystem remains  i n  t h e  l o c k  
mode. 

F i g u r e s  1 and 2 a r e  flow diagrams for the  frame 
s y n c h r o n i z a t i o n  subsys tem l 3 g i c  of b a t h  PCM decommutators 
c o n s i d e r e d . F i g u r e  3 shows examples o f  s y n c h r o n i z a t i o n  
o p e r a t i o n .  

- 5 -  
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COMPARE THE 26 TELEMETRY BITS 
WITH THE SYNCHRONIZATION PATTERN 

ENTER THE FIRST 26 SERIAL TELEMETRY BITS 

BIT DIFFERENCES, 
DS1 , Ea1 

- 
SHIFT IN THE NEXT NEW 

FIRST OLD BIT 
- BIT, SHIFT OUT THE 

L 

BIT DIFFERENCES, 
OS1 -Ea1 

~~ ~~ 

AOVANCE THE TELEMETRY DATAONE 
FRAME LENGTH AND COMPARE THE 26 
BITS OF THE EXPECTED SYNC PATTERN 
WITH THE TRUE SYNC PATTERN 

NUMBER OF PATTERNS 
EXAMINED EQUALS F c  I 

1 

- 

RESET F L  
COUNTER TO ZERO 

NUMBER OF 
PATTERNS EXAM- 
INED EQUALS F L  

RESET F L  
COUNTER TO ZERO 

RESET F c  
COUNTER 
TO ZERO 

I SEARCH MODE 

J 

AOVANCE TELEMETRY DATA AND 

COMPARE THE NEXT EXPECTED 26 BIT 
SYNCHRONIZATION PATTERN WITH THE 
TRUE SYNCHRONIZATION PATTERN 

OUTPUT DATA TO PERIPHERAL SYSTEMS- 

CHEC : MODE 

FIG.  1 FLOW DIAGRAM OF THE FRAME SYNCHRONIZATION 
LOGIC FOR T H E  MSFPT-1 SYSTEM 

I LOCK MODE 

J 

1 
1 
1 
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ENTER THE FIRST 26 SERIAL TELEMETRY BITS I 

COMPARE THE 26 TELEMETRY BITS WITH THE 
TRUE SYNCHRONIZATION PATTERN 

L I T  DIFFERENCES BIT DIFFERENCES 
DS1 > E01 DS15 E41  

- SHIFT IN THE NEXT NEW BIT, 
SHIFT OUT THE FIRST OLD BIT 

BIT DIFFERENCES , 1 ;:;DT;RENCE~, 

D S 2 5 E @ l  I NUMBER OF SHIFTS, 5 .  

NUMBER OF PATTERNS 
EXAMINED EQUALS F L  TO ZERO 

RESET FL  COUNTER 

FIG. 2 FLOW DIAGRAM OF THE FRAME SYCHRONIZATION 
LOGIC FOR THE DYNATRONICS SYSTEM 
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t DATA -- 
SERIAL DATA 
FRAMES 

TIME - FRAME SYNCHRONIZING 
PATTERN 

VALID SEARCH MODE TERMINATION 

SEARCH MODE +- CHECK MODE ,-+- LOCK MODE - 
TWO VALID SYNCHRONIZING PATTERNS REQUIRED IN CHECK MODE 

(a)  FRAME SYNCHRONIZATION FOR THE MSFTP-1 SYSTEM 

VALID SEARCH 41 TERMINATION 

SEARCH @ 1 4 S E A R C H  @2*CHECK-+-LOCK MODE ___) 

+? 

+COMPARABLE CHECK TIME 4 

INVALID SEARCH 61, VALID SEARCH @2 TERMINATION 

SEARCH e i , L - C H E C K  -+-LOCK MODE- 
SEARCH 4 2  

(b) FRAME SYNCHRONIZATION FOR THE DYNATRONICS SYSTEM 

FIG. 3 EXAMPLES OF SYNCHRONIZATION OPERATION 
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2.  SYNCHRONIZATION CRITERIA 

The f i r s t  s t e p  i n  e s t b b l i s h i n g  s y n c h r s n i z a t i 3 n  
t h r e s h o l d s  f o r  t h e  PCM decornmutatsrs i s  to s e l e c t  a 
s y n c h r 3 n i e a t i 3 n  c r i t s r i o r !  s l i i t ed  to t h e  p a r t i c u l a r  u s e r .  
The pr imary  pu~pose o f  the decommutators i s  t o  p r o v i d e  
:?;gnr.hrnni n ~ d  d;t,;l t o  n e r i p l i e r a l  e '2uipment.  T h i s  i s  
g e n e r a l l y  programmed t o  occur when t h e  s y n c h r o n i z a t i o n  
subsystem i s  i n  19ck mode o p e r a t i o n .  One c r i t e r i o n  i s  
t h e n  to s e t  t h e  5 and F swi tches  t o  maximize t h e  t ime 
s p e n t  i n  t h i s  mode of o p e r a t i o n .  T h i s  c r i t e r i o n  would 
maximize t h e  amount of  d a t a  o u t p u t  at t h e  expense 3f a 
weighted  ( r e d u c e d )  p r o b a b i l i t y  o f  v a l i d  frame s y n c h r o n i z a t i o n  
and an a v e r a g e  d a t a  q u a l i t y  c o n t r o l l e d  o n l y  by t h e  q u a l i t y  
of t h e  i n p u t  d a t a .  

Another  c r i t e r i o n  i s  t o  maximize t h e  e x p e c t e d  
lock t ime i f  t h e  d a t a  J u a l i t y ,  a s  i n d i c a t e d  by t h e  l u a l i t y  
of t h e  s y n c h r s n i z a t i o n  p a t t e r n ,  i s  g r e a t e r  t h d n  some 
d e s i r e d  minimum v a l u e .  This  c r i t e r i o n  would s e e k  to 
maximize t h e  p r o b a b i l i t y  of  m a i n t a i n i n g  s y n c h r s n i z a t i o n  
lsck for a g i v e n  maximum b i t  error r a t e  (BER) and minimize 
t h e  l o c k  p r o b a b i l i t y  for d j t a  h a v i n g  a g r e a t e r  BER ( p o J r e r  
q u s l i t y )  . 

Many a d d i t i o n a l  c r i t e r i a  could  be l i s t e d ;  for 
example,  a compromise between t h e  two c r i t e r i a  s t a t e d ,  
o r  min imiz ing  t h e  p m b j b i l i t y  sf o b t a i n i n g  f z l s e  l s c k  
o v e r  a l o n g  t ime p e r i o d ,  e t c .  

One p o s s i b l e  diz?dv?ntr3ge i n  maximizing t h e  
amount of d a t a  o u t p u t  i s  t h a t  drzta would be i m p l i c i t l y  
d e f i n e d  a s  a l l  t e l e m e t r y  b i t s  h a v i n g  a BER l e s s  t h a n  0. 
S i n c e  we choose t o  d e f i n e  n o i s e  hs h a v i n g  an  e x p e c t e d  B k 
o f  0.5 [ s i g n a l  t s  n s i s e  r a t i 9  (SNR)  e q u a l  tg z e r o ]  in for rna t i3n  
would t h e n  be a v a i l z b l e  for u s e  i f  t h e  BER d e c r e a s e d  t o  any 
v a l u e  below 0.5 imply ing  a SNR g r e a t e r  t h a n  z e r o .  A p r a c t i c a l  
l i m i t a t i 3 n  to t h e  maximum BZR t h a t  c s u l d  be handled ,  h3wever, 
i s  t h e  a b i l i t y  sf the b i t  cynchrasn izer  t o  a c q u i r e  and r m i n t z i n  
b i t  s y n c h r o n i z a t i o n .  B i t  , v n c h r s n i z a t i o n  i s  3 b t a i n e d  from 
t h e  t e l e m e t r y  d a t a  s t r e m .  A S  "uch, B SNFi g r e a t e r  t h a n  a b a u t  
0 .4  i s  r e q u i r e d  , i n d i c d t i r i g  t h d t  a p r d c t i c a l  miiximum BER l e s s  
t h a n  a b o u t  0 . 3  could be hzndled w i t h  presently a v a i l a b l e  b i t  
s y n c h r o n i z e r s .  

3 

1 
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A d d i t i o n a l  c o n s i d e r a t i o n s  t o  e n a b l e  a p r a c t i c a l  
system t o  e f f e c t i v e l y  o p e r a t e  a t  a BER of 0.3 would be 
t h e  l e n g t h  of t h e  frame s y n c h r o n i z a t i o n  p a t t e r n ,  t h e  
c o n s t r u c t i o n  of t h e  p a t t e r n  ( i t s  "1" and "0" c o n f i g u r a t i a n )  
and the  range  o f  s e t t i n g s  a v a i l a b l e  on t h e  PCM decommutator.  
These c o n s i d e r a t i o n s  would a l l o w  s y n c h r o n i z a t i o n  b i t  and 
p a t t e r n  e r r o r s  r e q u i r e d  t o  i n s u r e  p r o p e r  d a t a  s y n c h r o n i z a t i o n  
and a r e a s o n a b l e  p r o b a b i l i t y  of m a i n t a i n i n g  t h i s  s y n c h r o n i z a t i o n  
l o c k .  S i n c e  t h e  main purpose of t h i s  p a p e r  i s  n o t  t o  d e s i g n  a 
t h e o r e t i c a l  sys tem b u t  t o  e s t a b l i s h  s y n c h r o n i z a t i o n  methods for 
a v a i l a b l e  sys tems,  d i s c u s s i o n  o f  t h e  above c o n s i d e r a t i o n s i s  
d e f e r r e d .  However, many R e f e r e n c e s  a r e  a v a i l a b l e  on t h e  
s u b j e c t -  2, 3, 4, 5. 

S i n c e  t h e  PCM decommutator f o r  which a s y n c h r m i z a t i o n  
c r i t e r i o n  i s  d e s i r e d  i s  p a r t  of a r e a l - t i m e  i n f o r m a t i o n  system, 
maximizing t h e  a v a i l a b l e  d a t a  would a t  t i m e s  p r e s e n t  d a t a  w i t h  
a g r e a t e r  BER t h a n  c o u l d  be p r a c t i c a l l y  u s e d .  Most i n f o r m a t i a n  
i s  c o n t a i n e d  i n  e i g h t  b i t  b i n a r y  words.  Reducing t h e  
p r o b a b i l i t y  o f  r e c e i v i n g  a z e r o  e r r o r  word c o u l d  h a n d i c a p  t h e  
sys tem s i n c e  i t  would p r e s e n t  l a r g e  amounts of  m i s l e a d i n g  and 
c o n f u s i n g  i n f o r m a t i o n .  S i n c e  redundancy c o d i n g  and d a t a  
e d i t i n g  a r e  n o t  p r e s e n t l y  performed it seems l o g i c a l  t 3  r e q u i r e  
a h i g h  p r o b a b i l i t y  o f  a n  e r r o r  f r e e  word. 

A l i m i t e d  t ime would be a v a i l a b l e  t o  p r o c e s s  d a t a  
even i f  p r o c e s s i n g  were performed s i n c e  t h e  sys tem must o p e r a t e  
w i t h  a minimum d a t a  d e l a y .  L i m i t i n g  t h e  p r o b a b i l i t y  of d a t a  
e r r o r s  p r i o r  t o  p r o c e s s i n g  would e n a b l e  s i m p l e r  and l e s s  t ime 
consuming computer p r o c e s s i n g  p r o c e d u r e s  t o  be u s e d .  

Under t h e  p r e s e n t  sys tem c o n s t r a i n t s  i t  seems h i g h l y  
d e s i r a b l e  t o  l i m i t  t h e  maximum BER for PCM decommutator a u t p u t  
d a t a .  T h i s  maximum v a l u e  may be d i f f e r e n t  for p o s s i b l e  f u t u r e  
systems,  however. 

T h e r e f o r e ,  t h e  c r i t e r i o n  t o  maximize t h e  p r o b a b i l i t y  
of m a i n t a i n i n g  s y n c h r o n i z a t i o n  l o c k  w i t h  a p a r t i c u l a r  maximum 
a c c e p t a b l e  BER and minimiz ing  l o c k  p r o b a b i l i t y  if t h e  d a t a  
have a g r e a t e r  BER would a p p e a r  t o  be b e s t  for t h e  p r e s e n t  
i n f o r m a t i o n  system. T h i s  c r i t e r i o n  r e q u i r e s  t h e  maximum 
BER t o  be e s t a b l i s h e d  b e f o r e  p r o c e e d i n g  w i t h  t h e  
s y n c h r o n i z a t i o n  method. 

A p r a c t i c a l  way t o  e s t a b l i s h  a maximum BER i s  t a  
assume t h a t  t h e  b i t  e r r o r s  a r e  i n d e p e n d e n t .  The 
p r o b a b i l i t y  of a n  e i g h t  b i t  word h a v i n g  k b i t s  i n  e r r o r  i s  
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8 
where qb i s  t h e  BER, pb = l -qb,  a n d ' k  r e p r e s e n t s  t h e  b inomia l  

c 3 e f f i c i e n t s .  T h i s  r e l a t i o n  i s  shown a s  Eq (1). 

BER = qb i s  u s e d  by 
k 8-k c o n v e n t i a n ;  q i s  independent  (1) P (k) = 'b 'b 

a t  t h e  b i t  r a t e  

The p r 3 b a b i l i t y  t h a t  any e i g h t  b i t  word i s  r e c e i v e d  e r r o r  f r e e ,  
k = 0 i n  Eq. (l), i s  t h e n  0.430, 0.923, and 0.992 when t h e  BER 
i s  1 x 1 x l o q 2 ,  and 1 x r e s p e c t i v e l y .  The 
p r a b a b i l i t y  of a v a l i d  b i t ,  i n d i c a t i n g  an  e v e n t ,  would be 0.9, 
0.99, and 0.999 w i t h  the same BER's a s  s t a t e d .  

It a p p e a r s  t h a t  an a c c e p t a b l e  BER would b e  on t h e  order 
of  1 x 10-2 r e s u l t i n g  i n  a p r o b a b i l i t y  of  b e t t e r  t h a n  90 
p e r c e n t  t h a t  a v a l i d  d a t a  word i s  r e c e i v e d .  A b e t t e r  maximum 
BEX wauld be 1 x 10-3 i n c r e a s i n g  t h i s  p r o b a b i l i t y  to m3re t h a n  
99 p e r c e n t .  C i r c u i t  margin s t u d i e s  have i n d i c a t e d  t h a t  t h e  BER 
w i l l  i n  g e n e r a l  be less  t h a n  1 x +9-3 for t h e  m a j a r i t y  3f t h e  
t i m e  t h a t  d a t a  a r e  b e i n g  r e c e i v e d .  y7Therefore ,  e i t h e r  maximum 
BER w9uld be a r e a s o n a b l e  va lue  t s  s e l e c t ,  a s s u r i n g  t h a t  a 
l a r g e  amaunt a f  i n f o r m a t i o n  wauld be s u p p l i e d  to t h e  sys tem 
w i t h  a s a t i s f a c t o r y  maximum average  e r r o r  r a t e .  It could  
t h e n  be assumed t h a t  d a t a  were n o t  a v a i l a b l e  or a f  p a o r  q u a l i t y  
i f  new d a t a  were n o t  s u p p l i e d  f o r  sys tem u s e .  

r e q u i r e  a SNR p r o v i d i n g  a BER af 1 x 10-6. 
of  1 x 10-2 i s  a c c e p t a b l e ,  a SNR a b o u t  6 db l e s s  t h a n  r e q u i r e d  
f o r  1 x BER d a t a  w i l l  a l l o w  s u c c e s  f u l  t e l e m e t r y  infor tnat iDn 
decommutated. 
r e d u c t i m  bel3w t h e  v a l u e  n e c e s s a r y  f o r  1 x BER d a t a .  

The c i r c u i t  margin e q u a t i a n s '  a r e  g e n e r a l l y  s e t  t 3  
I f  a maximum BER 

A maximum BER o f  1 x lo-? would l l o w  a 4 db SNR 

T h e r e f 3 r e ,  t h e  c r i t e r i a n  t o  e s t a b l i s h  a s y n c h r a n i z a t i J n  
methad f3r t h i s  p a p e r  w i l l  be t3 maximize t h e  p r D b a b i l i t y  a f  
d a t a  o u t p u t  w i  h the c o n s t r a i n t  3f a maximum a c c e p t a b l e  BER 
e i t h e r  1 x lo-' o r  1 x 10-3, and t o  minimize t h e  p r s b a b i l i t y  
3f l a c k  w i t h  p o 3 r e r  q u a l i t y  d a t a .  
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3. ACQUISITION PHASE SYNCHRONIZATION METHODS 

The frame s y n c h r o n i z a t i o n  subsystem, d u r i n g  t h e  
a c q u i s i t i o n  phase ,  f u n c t i o n s  t o  s e a r c h  t h e  incoming s e r i a l  
t e l e m e t r y  d a t a  t o  l o c a t e  the f i r s t  b i t  p a t t e r n  t h a t  d i f f e r s  
from t h e  t r u e  frame s y n c h r o n i z a t i o n  p a t t e r n  by no more t h a n  E 

b i t s .  The f i r s t  p a t t e r n  i s  t h e n  checked by comparing a second 
p a t t e r n  r e f e r e n c e d  one t e l e m e t r y  d a t a  frame l e n g t h  from t h e  f i r s t  
p a t t e r n .  
from t h e  t r u e  p a t t e r n .  If the two p a t t e r n s  meet t h e  p r e s e t  
b i t  d i f f e r e n c e  s e t t i n g s  a minimum t ime  i s  s p e n t  i n  t h e  s e a r c h  
and check modes. The s y n c h r o n i z a t i o n  subsys tem t h e n  advances 
to l o c k  mode o p e r a t i o n ,  and t h e  PCM decommutator b e g i n s  t o  s u p p l y  
synchron ized  d a t a  i n t o  t h e  i n f o r m a t i o n  system. 

$1 

T h i s  second p a t t e r n  can d i f f e r  by no more t h a n  Ec b i t s  

The p r o b a b i l i t y  o f  v a l i d  f rame s y n c h r o n i z a t i o n  
p r e c e e d i n g  o p e r a t i o n  i n  t h e  l o c k  mode may be i n c r e a s e d  by 
r e q u i r i n g  a d d i t i x r i l p a t t e r n  comparisons i n  t h e  check mode. 
The decommutator can be s e t  t o  r e q u i r e  Fc v a l i d  p a t t e r n  
d e t e c t i o n s ,  each  one frame l e n g t h  a p a r t ,  b e f o r e  s w i t c h i n g  t o  
t h e  l o c k  mode. 

F i g u r e  4 shows the p r o b a b i l i t i e s  of l e a v i n g  t h e  
t h r e e  s y n c h r o n i z a t i o n  modes. C a p i t a l  P r e f e r s  t o  t h e  
p r o b a b i l i t y  of s u c c e s s f u l l y  t e r m i n a t i n g  t h e  s e a r c h  mode w i t h  
d e t e c t i o n  of a v a l i d  s y n c h r o n i z a t i o n  p a t t e r n ,  and Q = 1-P.  
The v a l u e  p, i s  t h e  p r o b a b i l i t y  of  s u c c e s s f u l l y  d e t e c t i n g  
a v a l i d  frame p a t t e r n  i n  the check mode. S i n c e  Fc f rames  
may be r e q u i r e d ,  pc r a i s e d  t o  t h e  r ( r  = Fc)  power i s  t h e  
p r o b a b i l i t y  of s u c c e s s f u l l y  d e t e c t i n g  F c o n s e c u t i v e  frame 

C 
p a t t e r n s  and advancing  t o  the  l o c k  mode. Hence, 1 - p, r 
i s  t h e  p r o b a b i l i t y  of  r e t u r n i n g  o p e r a t i o n  t o  t h e  s e a r c h  mode 
r a t h e r  t h a n  advancing  t o  the  l o c k  mode. The same symbols 
w i t h  t h e  a d d i t i o n a l  s u b s c r i p t  "f" d e f i n e  t h e  p r o b a b i l i t i e s  
of l e a v i n g  t h e  check mode a f t e r  an  i n v a l i d  o r  f a l s e  
s y n c h r o n i z a t i o n  e n t r y .  
t h a t  a f a i l u r e  run  w i l l  not  t e r m i n a t e  s u c c e s s f u l  o p e r a t i o n  
i n  t h e  l o c k  mode b e f o r e  some number "n" of  frame p a t t e r n  
d e t e c t i o n s .  T h e r e f o r e ,  1 - t i s  t h e  p r o b a b i l i t y  o f  n 
t e r m i n a t i n g  s u c c e s s f u l  l o c k  opeTat ion  b e f o r e  n f rames  have 
been examined. 
l e a v i n g  t h e  l o c k  mode a f t e r  e n t e r i n g  i t  w i t h  i n v a l i d  frame 
s y n c h r o n i z a t i o n .  

The v a l u e  tn i s  t h e  p r o b a b i l i t y  

S i m i l a r l y , l  - tn i s  t h e  p r o b a b i l i t y  of 
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FIG. 4 PROBABILITIES OF LEAVING THE THREE SYNCHRONIZATION 
MODES 

P r o b a b i l i t y  o f  t e r m i n a t i n g  s e a r c h  mode w i t h  v a l i d  
s y n c h r o n i z a t i o n  

P r o b a b i l i t y  of t e r m i n a t i n g  s e a r c h  mode w i t h  i n v a l i d  
s y n c h r o n i z a t i o n ,  Q = I -P .  

P r o b a b i l i t y  t h a t  e a c h  of  the f i r s t  r c o n s e c u t i v e  
s y n c h r o n i z a t i o n  p a t t e r n s  a r e  d e t e c t e d  h a v i n g  up  t o  an  
al lowed number of  b i t s  d i f f e r e n t  f rom t h e  t r u e  p a t t e r n  
( r  p a t t e r n s  r e q u i r e d  t o  e n t e r  t h e  l o c k  mode). 

P r o b a b i l i t y  t h a t  a t  l e a s t  one of t h e  f i r s t  r 
s y n c h r o n i z a t i o n  p a t t e r n s  h a s  more t h a n  an  a l lowed number 
o f  b i t s  d i f f e r e n t  f rom t h e  t r u e  p a t t e r n .  

P r o b a b i l i t y  t h a t  r random b i t  p a t t e r n s  a p p e a r  a s  
s y n c h r o n i z a t i o n  p a t t e r n s  

P r o b a b i l i t y  t h a t  a t  l e a s t  one random p a t t e r n  h a s  more t h a n  
a n  al lowed number of b i t  d i f f e r e n c e s f r o m  t h e  t r u e  p a t t e r n .  

P r o b a b i l i t y  of  m a i n t a i n i n g  l o c k  mode o p e r a t i o n  f o r  some 
time t .  

P r o b a b i l i t y  o f  r e t u r n i n g  t o  t h e  s e a r c h  mode b e f o r e  some 
time t i s  s p e n t  i n  l o c k  mode o p e r a t i o n .  

P r o b a b i l i t y  of random p a t t e r n s  a p p e a r i n g  a s  s y n c h r o n i z a t i o n  
p a t t e r n s  c a u s i n g  maintenance of l o c k  mode o p e r a t i o n  f o r  
some t i m e  t' . 
P r o b a b i l i t y  of r e t u r n i n g  t o  s e a r c h  mode b e f o r e  some t i m e  
t '  i s  s p e n t  i n  l o c k  mode o p e r a t i o n .  
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The s y n c h r o n i z a t i 3 n  c r i t e r i o n  r e q u i r e s  t h a t  t h e  
p r s b h b i l i t i e s ,  P ,  F: 
d h t a  w i t h  an a c c e p t a b l e  BER w h i l e  k e e p i n g  t h e s e  v a l u e s  
a s  s m a l l  a s  p o s s i b l e  for p m r e r  q u a l i t y  d a t a .  However, 
far any q u a l i t y  d a t a  i t  i s  d e s i r a b l e  to keep Q, 

small. The false s y n c h r o n i z a t i o n  p r o b a b i l i t i e s  c o u l d  
c o n c e i v a b l y  allow t h e  decommutators t o  s t a y  i n  a f a l s e  
s y n c h r o n i z a t i o n  loop .  False s y n c h r o n i z a t i o n  i s  i n d i c a t e d  
by o p e r a t i o n  i n  t h e  lower  p a r t  of F i g u r e  4. 

2nd t, be a s  l a r g e  a s  p o s s i b l e  f 3 r  

p f c  and ti: 

The p r o b a b i l i t y ,  P, o f  t e r m i n a t i n g  t h e  s e a r c h  mode 
w i t h  d e t e c t i o n  o f  a v a l i d  frame s y n c h r o n i z a t i o n  p a t t e r n  
i s  de termined  from E q ( 2 ) .  T h i s  E q u a t i o n  d e r i v e d  i n  Appendix 
I i s  a p p l i c a b l e  t o  t h e  Dynat ronics  two-phase s e a r c h  node. It i s  
a p p l i c a b l e  t o  t h e  MSFTP-1 decommutator by s e t t i n g  the p8i.t w i t h i n  
b r a c k e t s  t o  u n i t y .  

m - 1  + fi-qf;-y ( 2 )  
r 

I "1 l 2  L 
I 

= P r o b a b i l i t y  of v a l i d  p a t t e r n  i n  phase 1 a s  f u n c t i o n s  of 
"1 BER and E 

$1 

= P r o b a b i l i t y  of v a l i d  p a t t e r n  i n  phase 2 a s  f u n c t i o n s  o f  

6 2  
"2 BER and E 

p = P r a b a b i l i t y  of an  i n v a l i d  p a t t e r n  d e t e c t i o n  a s  a f u n c t i o n  
f l  of  E@ 

1 
= P r a b & b i l i t y  of an  i n v a l i d  p a t t e r n  d e t e c t i o n  a s  a f u n c t i o n  

b2 
p f 2  of  E 

q = 1-p 
f 2  f 2  

m = Approximate number of u n c o r r e l a t e d  p a t t e r n s  i n  one t e l e m e t r y  
frame of  1024 b i t s  of  which o n l y  one would be a v a l i d  
s y n c h r a n i z a t i o n  p a t t e r n .  

- 15 - 
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The p r o b a b i l i t y  of h a v i n g  random n o i s e  or d a t a  
b i t s  appear  a s  a frame s y n c h r o n i z a t i o n  p a t t e r n  i s  de termined  
from Eq ( 3 ) .  

( k  < E) = 2 -26 (E6) - 
k= 0 Pf (3) 

The p r o b a b i l i t y  pf t a k e s  on the  s u b s c r i p t s  for t h e  p a r t i c u l a r  
phase o r  mode c o n s i d e r e d .  The v a l u e  E i s  t h e  a l lowed number 
o f  b i t  d i sagreements  between t h e  d e t e c t e d  and t r u e  s y n c h r o n i z a t i o n  
p a t t e r n ;  E a l s o  t a k e s  on t h e  s u b s c r i p t  f o r  t h e  p a r t i c u l a r  phase  
or mode c o n s i d e r e d .  It i s  assumed f o r  t h i s  c a s e  t h a t  t h e  
p r o b a b i l i t y  3f' a b i t  e r r o r  qb i s  0.5.  

complement d a t a  t o  t h e  decommutator.  T h e r e f o r e ,  t h e  
decommutator i s  programmed t o  i n v e r t  a l l  d a t a  i f  a complement 
s y n c h r o n i z a t i o n  p a t t e r n  i s  d e t e c t e d .  T h i s  a u t o m a t i c  d a t a  
i n v e r s i o n  a l l o w s  e i t h e r  a t r u e  or complement s e t  of random 
b i t s  t o  be r e c o g n i z e d  a s  a s y n c h r o n i z a t i o n  p a t t e r n .  For t he  
Apol lo  system c o n s i d e r e d ,  the  v a l u e s  o f  Eq(3) a r e  m u l t i p l i e d  by 2 and 
E i s  r e s t r i c t e d  t o  v a l u e s  l ess  t h a n  13. 

The t e l e m e t r y  demodula tor  w i l l  p r o v i d e  t r u e  or 

V a l u e s  computed from Eq(3) a r e  shown i n  T a b l e  1 
f o r  a range of E from 0 t o  5 b i t s .  Also t h e  v a l u e s  of  pf 
a r e  shown w i t h  r v a r y i n g  from 1 t o  5. T h i s  t a b l e  may be 
u s e d ,  for example,  t o  f i n d  t h e  p r o b a b i l i t y  of  l e a v i n g  t h e  
check m d e  i f  E i s  s e t  t o  2 b i t s  and F- = r i s  s e t  t o  3 

c: 
f rames a s  pr  = 1.2  x V a l u e s  o f  p and q = 1-p  

f C  fl f 2  f2 

$1 
a r e  t a k e n  from t h e  r = 1 row and column i n d i c a t i n g  E 

or E b i t s .  
$2 

- 1 6  - 
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TABLE I 

P r o b a b i l i t i e s  o f  random noise  o r  d a t a  a g r e e i n g  w i t h  t h e  26 
b i t  t r u e  o r  complement s y n c h r o n i z a t i o n  p a t t e r n  r t imes  when 
E e r r o r s  a r e  a l lowed w i t h i n  e a c h  p a t t e r n .  

jl 2 .  

Note t h a t  t h e  v a l u e s  o f  f a l s e  s y n c h r a n i z a t i o n  i n  
T a b l e  I assume random noise  or d a t a  b i t s .  I f  q u a s i - s t a t i c  d a t a  
a r e  b e i n g  r e c e i v e d  t h e r e  i s  a p a s s i b i l i t y  t h a t  p a r t i c u l a r  d a t a  
w s r d s  o c c u r r i n g  a t  t h e  frame r a t e  could  alsa cause  f a l s e  
s y n c h r o n i z a t i a n .  P r e s e n t l y  t h e r e  a r e  na a u t a m a t i c  o p e r a t i o n s  
t a  d e c r e a s e  t h e  p r s b a b i l i t y  far t h i s  t y p e  af f a l s e  
s y n c h r a n i z a t i a n  l a c k .  The d a t a  u s e r  wauld have t a  r e c s g n i z e  
t h a t  t h e  d a t a  were i n v a l i d  and i n i i i a l - e  a mbnubl 
r e  s y n c h r  3n i z  a t i a n  . 

The p r a b a b i l i t y  t h a t  a v a l i d  s y n c h r a n i z a t i a n  p a t t e r n  
i s  d e t e c t e d  i n  d a t a  having a b i t  e r r a r  p r o b a b i l i t y  qb = BER 

and a l l a w i n g  up t a  E b i t s  i n  e r r o r  p e r  p a t t e r n  i s  Shawn i n  
E q ( 4 ) .  

E 1261 

p ( k  - E )  = c ' 'qb Pb > Pb = I -qb ( 4 )  
k 26-k 

k=O 

The p r 2 b a b i l i i y  p ( k  

3eper,3irlg 3n 1 - h ~  s y n c h r a n i z a t i a n  phase and made. and E wauld 
hh'Jtj s i m i l a r  subsdr ip1  s .  "ab le  I1 shaws v a l u e s  J f  E q ( 4 )  w i t h  
BER's f r 3 m  l x l i  -1 l a  ~ X I O - ~  rind a l lowed b i t  e r r3r . s  p e r  p a t t e r n  
f r a m  0 1 3  -,. 

E )  t a k e s  on s u b s c r i p t s  sl., s2, or c 

- 17  - 
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BER 
1x1~-4 i 

0.9974 0324 

0.9999 9675 

0.9999 9999+ 

0.9999 9999+ 

0.9999 9999+ 

0.9999 3993+ 

TABLE I1 

0.0646 1082 

0.2512 6429 

0.3105 0523 

0~409 4162 

0.8881 6487 

0 . l ) U O l  4OCIti  

Values of p for Eq(4) f o r  v a r i o u s  BER's and E b i t s  i n  e r r a r  
p e r  s y n c h r o n i z a t i o n  p a t t e r n .  

0.7700 4314 

0.9722 7669 

0.9978 1123 

0.9997 7463 

0.9999 9447 

0.9999 9980 

E 

- 
0 

1 

2 

3 

4 

5 

5 1x1 0 1x1 0 

I 

BER 

0.9743 2241 

0.9996 8015 

0.9999 9998 

0. (1'.?99 99994 

0.9099 9990t 

0.9999 9744 

Values  f r sm T a b l e s  i and Ii  may be s u b s t i t u f . i 3  i.r! 
E q (  2 )  t~ cic:t,ermirie t h e  p r a b a b i l i t , y  o f  s u c c e s s f u l l y  c3rnplel. i r i i :  
t h e  search mode. F s r  t h i s  camput ,a t i3n,  m i s  assumed ts bt -.d; 
t h a t  i:: ab3ut  50 u n c s r r e l a t e d  o p p a r t u n i t i e s  far a leng1,h 3f.' 
b i t , s  e q u a l  t , ~  t h e  s y n c h r a n i z a t i o r i  p a t t e r n  are a v a i l a b l e  ir, 3 t L t :  

t ,elerne?,ry d a t a  f rame.  Values  ~f Eq('2) are shswn i n  T s h l e  11:. 

- 18 - 



8 
THE JOHNS HOPKINS UNIVERSITY 

APPLIED PHYSICS LABORATORY 
SILVER S P R I N G  M l R Y L A N D  8 

TABLE I11 

The p r o b a b i l i t y ,  P, and t h e  average  t i m e ,  M], f o r  s u c c e s s f u l  
comple t ion  o f  t h e  s e a r c h  mode. 

BER 
i 

( b i t s )  

5 
4 

3 
2 

1 

0 

1 

0 

3 

( b i t s )  
a2  

. _  - 

IJ.1 
( frames ) 

1.04 

1.13 

1.35 

1.96 

3.98 

15.5 
1.03 

1.30 

0.884 803 

0.971 963 

0.993 963 

0.999 022 

0.999 841 

0.999 977 

0.999 996 

0.999 998 

P 
Dyr ia  i i * u i i i c s  
System 

0.963 674 

0.992 406 

0.997 034 

0.999 231 

0.999 915 

0.999 977 

0.999 997 

0.999 998 

The number of a l l o w a b l e  b i t  e r r o r s  f o r  t h e  

$2 
D y n a t r o n i c s  two-phase s e a r c h  mode a r e  shown a s  E and E 

i n  T a b l e  111. Comparable errors f o r  t h e  MSFPT-1 s i n g l e - p h a s e  
s e a r c h  mode a r e  i n d i c a t e d  a s  E . 

@l 

@l 

Many a d d i t i o n a l  combinat ions of E and E a l lowed 
$1 $2 

b i t  d i f f e r e n c e s  could  have been u s e d  f o r  T a b l e  111. The range  
of b o t h  p r e s e t  v a l u e s  i s  from z e r o  t o n i n e  b i t s .  A d d i t i o n a l l y ,  
t h e r e  i s  no  mechanical  r e s t r i c t i o n  l i m i t i n g  r: t o  be l e s s  

@2 
t h a n  E . 

@l 
The advantage of t h e  two-phase s e a r c h  mode i s  most 

a p p a r e n t  when a t t e m p t i n g  t o  s y n c h r o n i z e  d a t a  w i t h  a BER of 
1x10-1 o r  g r e a t e r .  For example, T a b l e  I11 shDws P = 0.88 f o r  
a s i n g l e - p h a s e  system a l l o w i n g  5 b i t  e r r o r s  i n  t h e  d e t e c t e d  
p a t t e r n .  The p r o b a b i l i t y  of s u c c e s s f u l l y  t e r m i n a t i n g  t h e  s e a r c h  
mode w i t h  a two-phase system i s  0.96. The two-phase s e a r c h  

- 19 - 
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mode f o r  t h i s  c a s e  h a s  about  an  8 p e r c e n t  g r e a t e r  chance t o  
provide  v a l i d  s y n c h r o n i z a t i o n  e n t r y  t o  t h e  check mode. I f  
t h e  al lowed b i t s  i n  e r r o r ,  E , and E , a r e  s e t  e q u a l  t h e r e  

i s  no advantage i n  u s i n g  the  two-phase s e a r c h  mode. 
61 @2 

The two phase s e a r c h  mode t h e r e f o r e  improves t h e  
a b i l i t y  o f  t h e  decommutator sys tem t o  p r o v i d e  a v a l i d  
s y n c h r o n i z a t i o n  a s  t h e  number of a l lowed s e a r c h  m3de e r r s r  
b i t s  i s  i n c r e a s e d .  I n c r e a s i n g  t h e  a l lowed e r r o r s  i s  n e c e s s a r y  
t o  d e c r e a s e  t h e  average  t ime t o  o b t a i n  a v a l i d  s y n c h r o n i z a t i o n  
p a t t e r n  d e t e c t i o n .  The average  t ime , i n  t e l e m e t r y  frames , 
between v a l i d  p a t t e r n s  h a v i n g  a p r o b a b i l i t y  z f  d e t e c t i o n  sh3wn 
i n  Table  I1 i s  approximated by t h e  r e c i p r o c a l  o f  Ps . 
t h e  average  t i m e ,  wl, f o r  d e t e c t i n g  a s y n c h r a n i z s t i s n  p a t t e r n  
a l l o w i n g  2 b i t  err3rs i s  about  2 f rames when t h e  BER i s  1x10 . 
I f  z e r o  b i t  e r r o r s  were a l lowed,  a b o u t  16 f rames  would be expec ted  
t o  occur  b e f o r e  a p a t t e r n  meet ing  t h e  a l l o w a b l e  e r r o r s  would be 
a v a i l a b l e  for d e t e c t i o n .  

T h e r e f z r e ,  
1 

-1 

The s y n c h r o n i z a t i o n  c r i t e r i o n  i s  t o  maximize 
t h e  o p e r a t i o n a l  t ime i n  l o c k  mode i f  d a t a  h a v i n g  an a c c e p t a b l e  
BER a r e  a v a i l a b l e .  T h e r e f o r e ,  i t  i s  n e c e s s a r y  tz minimize 
t h e  a c q u i s i t i o n  t i m e  for d a t a  h a v i n g  t h i s  BER. A r u n  z f  v a l i d  
s y n c h r o n i z a t i o n  p a t t e r n s  i s  n e c e s s a r y  t o  complete  t h e  
a c q u i s i t i o n  p h a s e .  
i n  check must be s a t i s f a c t o r i l y  d e t e c t e d .  

by F e l l e r . 9  
de te rmine  t h e  average  t i m e ,  IJ-, i n  u n i t s  of  d a t a  f rames  
r e q u i r e d  to complete  t h e  a c q u i s i t i o n  p h a s e .  Examples o f  t h i s  
a p p l i c a t i o n  and p r o b a b i l i t y  d i s t r i b u t i o n s  for which t h e  average  
v a l u e s  of E q ( 5 )  a p p l y  a r e  c o n t a i n e d  i n  Appendix 11. 

One p a t t e r n  i n  s e a r c h  and Fc = r p a t t e r n s  

The t h e o r y  of r e c u r r e n t  e v e n t s  h a s  been developed  
I 

An a p p l i c a t i o n  of t h i s  t h e z r y  w i l l  be u s e d  t o  

r 
(5) 1 -Pc 

p. ( f r a m e s )  = 
C 

qCP: 

I n  E q ( 5 ) ,  pc i s  t h e  p r o b a b i l i t y  of a s u c c e s s f u l  
e v e n t ;  i . e . ,  t h e  p r o b a b i l i t y  t h a t  a s y n c h r o n i z a t i o n  p a t t e r n  
c o n t a i n s  Ec or l e s s  e r r o r s ,  qc = 1-pcJ  and r i s  t h e  l e n g t h  
of t h e  r u n .  A r u n  of l e n g t h  r i s  d e f i n e d  a s  t h e  number zf 
c o n s e c u t i v e  v a l i d  p a t t e r n  d e t e c t i o r s  r e q u i r e d  i n  t h e  check msde. 

- 20 - 
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Values  from Table  I1 and v a l u e s  of  r from 1 t o 5  frames 
were used  i n  E q ( 5 )  t 3  compute t h e  average  number of  f rames  

r e q u i r e d  t o  complete  t h e  check mode. These v a l u e s  a r e  shown 
i n  F i g u r e  5. 

The ninimul? t ime r e q u i r e d  t o  complete  a r u n  a f  r v a l i d  
p a t t e r n s  i s  r .  T h e r e f o r e ,  a s  t h e  average  t ime between r v a l i d  
pa L, L C : L . l i a  appii daaI.iiia V l l L L C I  I U  I b U U  UY'ULAUYDI  

by a l l o w i n g  Ec t3 i n c r e a s e .  
a b a u t  a mini  um average  time may be e x p e c t e d  i f  E = 0 f o r  a 
BER af 1x10- 
BER of 1x10-I: ' f i s  r i s  reduced,  the average  t ime w m l d  mare 
c l o s e l y  approach  t h e  minimum t i m e .  

- - L L - - - - -  -------h-- y +h--- : n  l , - = c .  . 7 d T , 5 7 l t 3 r n O  55 5rlcre.r;sing p 
C 

c y  F i g u r e  5 shaws t h a t  i f  r = 5 = F 

C 
= 2 f o r  a BER of  1 ~ 1 0 - ~ ,  and Ec = 5 f o r  a 

The c r i t e r i o n  to maximize l o c k  t ime r e q u i r e s  a v a l u e  
f u n c t i o n  t o  a p t i m i z e  t h e  average t i m e  r e q u i r e d  t o  e n t e r  l o c k  
mode w i t h  v a l i d  s y n c h r o n i z a t i o n  a s  b a l a n c e d  a g a i n s t  t h e  t i m e  
l3st by e n t e r i n g  t h e  l a c k  mode w i t h  i n v a l i d  s y n c h r o n i z a t i a n .  
S i n c e  t h e  l o c k  t ime i s  expec ted  t o  b e  s e v e r a l  minutes ,  s e v e r a l  
thousand t e l e m e t r y  frames,  t h i s  v a l u e  f u n c t i o n  would p r o v i d e  
t r i v i a l  answers  for t h e  range of b i t  e r r o r s  p e r  p a t t e r n  and 
BER's c o n s i d e r e d .  F o r  example, i f  f i v e  f rames  were r e q u i r e d  i n  
t h e  a c q u i s i t i o n  phase a l l o w i n g  f i v e  e r r o r s  p e r  p a t t e r n ,  t h e  
p r o b a b i l i t y  af e n t e r i n g  lock  mode w i t h  i n v a l i d  s y n c h r a n i z a t i o r i  
i s  about  1x10-13 (Table  I) or one o c c u r r e n c e  i n  about  5x10' 
h o u r s  of r e c e i v i n g  o n l y  m i s e  b i t s .  

Values  from F i g u r e  5 and T a b l e  I may be used  to 
form T a b l e  IV showing average a c q u i s i t i o n  t imes  and p r o b a b i l i t i e s  
of f a l s e  e n t r y  i n t o  t h e  lock  mode. Allowable b i t  e r r o r s  p e r  
p a t t e r n  a r e  assumed e q u a l  i n  t h e  s e a r c h  and check modes. T h i s  
assumpt ion  i s  r e a s o n a b l e  when c o n s i d e r i n g  t h a t  t h e  BER i s  n o t  
e x p e c t e d  to change r a d i c a l l y  d u r i n g  d a t a  r e c e p t i o n  e x c e p t  
d u r i n g  m u l t i p a t h  i n t e r f e r e n c e  o c c u r r i n g  a t  t h e  b e g i n n i n g  and 
e n d i n g  of an o r b i t a l  p a s s .  
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0 I 2 3 4 5 

r ( framer)  

FIG. 5 AVERAGE TIME, p ,  BETWEEN A RUN OF r GOOD FRAMES 

- 2 2  - 



THE JOHNS HOPKINS UNIVERSITV 

A P P L I E D  PHYSICS LASORATORY 
SILVER SPalNG M A R V L A N D  8 

10-1 

10-1 

10-1 

l o -2  
lo -2  
lo-* 

10-3 

t 
8 
I 
1 
8 
t 
I 
t 

8 
8 
8 
I 
8 
8 
8 
8 

a 

5 
4 

3 

2 

1 

0 

o 

TABLE I V  

Average t i m e  t o  Complete t h e  a c q u i s i t i o n  Phase  

Fc 

4 

3 

2 

2 

1 

1 

1 - 

P+l 
c p f p. ( f rames  ) 

5.7 
5.4 

5.6 

3.0 

2 . 1  

3.0 

2.0 

2 

2 I 2 

T a b l e  IV i n d i  a t e s  a minimum a v e r a g e  a c q u i s i t i o n  
t i m e  w i t h  a BER = lxlo-' would be o b t a i n e d  by a l l o w i n g  4 b i t  
errors p e r  p a t t e r n  i n  t h e  s e a r c h  and check  modes and se t i n g  
Fc t o  3. These s e t t i n g s  provide  a p r o b a b i l i t y  of 8 ~ 1 0 - ~  of 
e n t e r i n g  l o c k  mode w i t h  i n v a l i d  frame s y n c h r o n i z a t i o n .  
S i m i l a r l y ,  a l l o w i n g  one b i t  e r r o r  p e r  p a t t e r n  i n  t h e  s e a r c h  
and check modes and Fc =1 would minimize a c q u i s i t i o n  t i m e  
f o r  1 x BER d a t a  p r o v i d i n g  a f a l s e  l o c k  p r o b a b i l i t y  of 
6 . 5 ~ 1 0 - 1 3 .  Data h a v i n g  a BER of 1x10-3 O r  l e s s  could  be 
r e q u i r e d  t o  have o n l y  one check p a t t e r n  w i t h  z e r o  e r r o r s  
i n  t h e  s e a r c h  and check modes t o  p r o v i d e  p 
S i n c e  t h e  a c q u i s i t i o n  t i m e s  a r e  a t r i v i a l  f c  p e r c e n t  of  t h e  
t o t a l  e x p e c t e d  l o c k  t ime,  the average  a c q u i s i t i o n  t i m e s  may 
b e  ex tended  by r e q u i r i n g  l e s s  a l l o w a b l e  e r r o r s  and more 
check f rames .  Such a procedure would c a u s e  a g r e a t e r  average  
a c q u i s i t i o n  t ime f o r  u n d e s i r a b l e  d a t a  t h a n  f o r  a c c e p t a b l e  d a t a .  

a c c e p t a b l e  BER of  lxlO-' would be E = 1, E@ = 0, = 1, 

and Fc = 3. These s e t t i n g s  would p r o v i d e  f o r  a n  a v e r a g e  
a c q u i s i t i o n  t ime of  4.3 frames and about  4 f rames  f o r  d a t a  
h a v i n g  a lower  BER. The p r o b a b i l i t y  o f  f a l s e  e n t r y  i n t s  
l o c k  mode o p e r a t i o n  would be 4 . 2 ~ 1 0 - ~ 5 .  

= 8 . 9 ~ 1 0 - 1 6 .  

The recommendsd a c q u i s i t i o n  s e t t i n g s  for a maximum 

$1 2 

A d d i t i o n a l l y ,  d a t a  
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3f a lower q u a l i t y ,  BER = lxlO-l,  would r e q u i r e  an a v e r a g e  
a c q u i s i t i o n  t i m e  o f  about  340 frames ( a b o u t  7 seconds  f o r  
Apollo d a t a ) .  T h e r e f o r e ,  d a t a  w i t h  g r e a t e r  BER's t h a n  
1 ~ 1 0 - ~  would spend most of t h e  a c q u i s i t i o n  t ime i n  t h e  
s e a r c h  t o  check mode l o o p  shown i n  F i g u r e  4. 

If d a t a  h a v i n g  a BER of  M O - ~  were t h e  a c c e p t a b l e  

%= O = E@2,9 
v a l u e ,  t h e  recommended a c q u i s i t i o n  s e t t i n g s  would be E 

E c  = 0, and Fc = 4 .  
a c q u i s i t i o n  t ime of a b o u t  5 frames and a p r o b a b i l i t y  o f  
e n t e r i n g  1 c k  mode w i t h  i n v a l i d  s y n c h r o n i z a t i o n  o f  about  

a c q u i s i t i o n  t imes .  
average o f  13 f rames ,  and s e v e r a l  thousand f rames  would be 
r e q u i r e d  f o r  d a t a  h a v i n g  a BER o f  1x10-1. 

These s e t t i n g s  would p r o v i d e  an a v e r a g e  

2 . 4  x 10-3 8 . Data h a v i n g  g r e a t e r  B E R ' s  would r e q u i r e  i n c r e a s e d  
Data w i t h  a BEK of  I X ~ O - ~  would r e q u i r e  an  

The a c t u a l  a c q u i s i t i o n  t i m e  would be on t h e  o r d e r  
3f 3ne h a l f  frame g r e a t e r  t h a n  t h e  v a l u e s  s t a t e d .  S i n c e  t h i s  
v a l u e  would be a b o u t  t h e  same for a l l  a c q u i s i t i o n  t i m e s  i t  
was not  added to t h e  l i s t e d  v a l u e s .  The one h a l f  frame 
a d d i t i s n a l  t ime r e s u l t s  from t h e  assumpt ion  t h a t  3n t h e  
average t h e  a c q u i s i t i o n  phase s t a r t s  i n  t h e  middle  o f  t h e  
t e l e m e t r y  frame a f t e r  which a v a l i d  s y n c h r o n i z a t i o n  p a t t e r n  
would 3ccur .  
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8 
8 
I 
I 
8 
8 
1 
8 
8 
8 
I 
8 
8 
8 
8 
8 
8 

4 .  LOCK MODE SYNCHRONIZATION METHODS 

Perhaps t h e  most i m p a r t a n t  decommutator s e t t i n g s  
a r e  those  p r o v i d i n g  t e r m i n a t i o n  of l o c k  mode o p e r a t i o n .  Data 
a r e  g e n e r a l l y  provided  t o  t h e  p e r i p h e r a l  sys tems o n l y  when 
t h e  s y n c h r o n i z a t i o n  subsystem h a s  advanced to o p e r a t i o n  i n  
t h i s  mode. T h e r e f o r e ,  it i s  d e s i r a b l e  t h a t  t h e  g r e a t e s t  

d a t a  when a u s a b l e  q u a l i t y  of d a t a  i s  a v a i l a b l e .  
------ +--,. -4- -x, .n-+i, .mol pc1 L C l l  L O & C  V I  Upcl  a L , i l d l i c * l  t l m z  1;c s-,cr,t p r s v i d i r , g  sutpu t  

Decomrnutator s e t t i n g s  for t h e  s e a r c h  and check modes 
were n o t  too c r i t i c a l  if t h e  E and F s w i t c h e s  were s e t  w i t h i n  
a r e a s o n a b l e  r a n g e .  Table  I and F i g u r e  5 i n d i c a t e d  
p r o b a b i l i t i e s  of e n t e r i n g  l o c k  wi th  f a l s e  s y n c h r o n i z a t i o n  and 
a v e r a g e  t i m e s  r e q u i r e d  to e n t e r  w i t h  v a l i d  s y n c h r o n i z a t i o n .  
Although opt imized  s e t t i n g s  were g i v e n ,  v a r i a t i o n s  from 
t h o s e  s e t t i n g s  would n o t  m a t e r i a l l y  i m p a i r  s a t i s f a c t o r y  
decommutatar o p e r a t i o n .  A n a l y s i s  of' l o c k  mode o p e r a t i o n  w i l l  
a l s o  i n d i c a t e  t h a t  t h e  EL and FL s w i t c h e s  may p r o v i d e  
s a t i s f a c t o r y  s p e r a t i o n  o v e r  a r e a s o n a b l e  range  of s w i t c h  
s e t t i n g s .  T e r m i n a t i o n  3f lock  mode o p e r a t i o n s  r e q u i r e s  t h a t  
FL = p c a n s e c u t i v e  i n v a l i d  frame s y n c h r o n i z a t i o n  p a t t e r n s  be 
r e c o g n i z e d  p r i a r  ts ane v a l i d  p a t t e r n .  A v a l i d  p a t t e r n  i s  sne  
c o n t a i n i n g  E or l e s s  b i t s d i f f e r e n c e  fram t h e  t r u e  s y n c h r s n i z a t i s n  
p a t  t e r n .  

s y n c h r o n i z a t i a n  p a t t e r n s  may be de te rmined  from Eq(6). It 
w i l l  be n o t e d  t h a t  Eq(6) i s  s i m i l a r  t a  Eq 5 i n  t h a t  t h e  p ' s  
and q l s  have been i n t e r c h a n g e d .  E q u a t i o n  I 1  5 provided  the 
a v e r a g e  t ime between v a l i d  r u n s  f o r  t h e  a c q u i s i t i o n  phase,  
and  E q ( 6 )  p r o v i d e s  t h e  average t ime between i n v a l i d  
s y n c h r o n i z a t i a n  r u n s  for t h e  l o c k  mode. Examples o f  the 
p r o b a b i l i t y  d i s t r i b u t i a n  for which Eq(6) i s  v a l i d  a r e  g i v e n  
i n  Appendix 11. 

L 

The average  t ime between r u n s  of c o n s e c u t i v e  i n v a l i d  

P 1 -a- 
'L 

P 
( f r a m e s )  = - 

p, 4, L 

V a l u e s  far p 

i s  t h e  number of c s n s e c u t i v e  t i m e s  arl i .nvhl id  p a t t e r n  
d e t e c t i o n  i s  r e q u i r e d  t o  t e r m i n a t e  l 5 c k  msde o p e r a t i s n .  

a r e  provided  i n  T a b l e  II, qL = l - p L ,  and ; = FL L 
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F i g u r e  6 shows average  t i m e s  i n  seconds  e x p e c t e d  
f o r  v a r i o u s  BERIs and l o c k  mode s w i t c h  s e t t i n g s .  The 
convers ion  between t h e  u n i t s  of t e l e m e t r y  frames provided  
by Eq 6 and seconds i s  de te rmined  by d i v i d i n g  t h e  v a l u e s  
o f  Eq 1 1  6 by 50 f rames p e r  second.  C o n s i d e r i n g  t h a t  an 
a v e r a g e  maximum l e n g t h  o r b i t a l  p a s s  would be on t h e  o r d e r  
of 1 0  minutes ,  i t  would be d e s i r a b l e  t o  l i m i t  t h e  average  
t i m e  between i n v a l i d  p a t t e r n  r u n s  t o  v a l u e s  g r e a t e r  t h a n  
t h i s  t ime.  F i g u r e  6 shows s e v e r a l  s w i t c h  s e t t i n g s  f o r  
d i f f e r e n t  BER1s t h a t  have average  t i m e s  g r e a t e r  t h a n  600 
seconds .  F o r  exdmple, i f  EL = 2 and FL = 2,  an a v e r a g e  
t ime of a b m t  4 ,100  secands  would be e x p e c t e d  b e f o r e  l o c k  
t e r m i n a t i 3 n  w i t h  d a t a  h a v i n g  a BER of 10-2. 

HQwever, t h e  p r o b a b i l i t y  of  m a i n t a i n i n g  l o c k  3t 

o p e r a t i 3 n  f o r  t h e  average  t ime i s  o n l y  about  70 p e r c e n t .  
I n  g e n e r a l ,  a h i g h e r  p r o b a b i l i t y  3f m a i n t a i n i n g  l o c k  
opera t iDn would be d e s i r a b l e  assuming t h a t  v a l i d  d a t a  
were a v a i l a b l e .  T h e r e f o r e ,  one wauld s e l e c t  a kL t o  be 
s t v e r a l  time.; I h e  e x p e c t e d  d a t a  r e c e p t i o n  t ime 
t 3  o b t d i n  t h i s  h i g h e r  p r o b a b i l i t y .  . 

The p r D b a b i l i t y  o r  m a i n t a i n i n g  s y n c h r o n i z a t i o n  
l 2 c k  f a r  some t i m e  t can be r e a s o n a b l y  approximated by 
'dq(7)*. The r e s t r i c t i n g  c o n d i t i o n s  f o r  t h i s  approximat ion  
a r e  (I) t h a t  L = kL/lOJ and ( 2 )  t h a t  kL >> 1. 

t n = l - -  t 
i-LL 

(7) 

The v a l u e s  f o r  wL a r e  from F i g u r e  6 i n  u n i t s  of seconds ,  and 
t i s  t h e  t ime of r e q u i r e d  l o c k  o p e r a t i o n  i n  u n i t s  of seconds .  
I n  g e n e r a l  p. w i l l  be on t h e  o r d e r  of  s e v e r a l  thousand f rames  
and w i l l  s a t 5 s f y  t h e  approximat ion  c o n d i t i o n  ( 2 ) .  

Assuming t h a t  a 90 p e r c e n t  p r o b a b i l i t y  of m a i n t a i n i n g  
s y n c h r o n i z a t i o n  l o c k  f o r  a g i v e n  l e n g t h  of  t ime t would be a 
d e s i r a b l e  minimum, s e l e c t i o n  of any E and FL s w i t c h e s  h a v i n g  
a n  expec ted  kL a t  l e a s t  10  t i m e s  t would meet t h e  approximat ion  
c o n d i t i o n  (1) .  The p r e v i o u s  example i n d i c a t e d  kL = 4,100. I f  
FL were s e t  t o  3 r e q u i r i n g  a n l y  one frame i n c r e a s e  i 

0.9997 or it could be e x p e c t e d  t h a t  t h e  p r o b a b i l i t y  of 

*Examples of t h e  p r o b a b i l i t y  d i s t r i b u t i o n  a r e  g i v e n  i n  Appendix 
11. Equat i3n (7) i s  a l s o  deve loped  i n  Appendix I1 and shown o n  
page AII-16. 

L 

t h e  i n v a l i d  
- p a t t e r n  r u n ,  wL = 1.9  x l o 6  s e c o n d s .  Thus, tn  = 1- goo - 

1.9x1 ob 
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m a i n t a i n i n g  s y n c h r o n i z a t i s n  l o c k  would be absut  92.9'1 p e r c e n t  
provided  t h a t  t h e  d a t a  had h maximum BER o f  lxlC-<-  d u r i n g  a 
600 second d a t a  r u n .  

There  a r e  f o u r  b a s i c  r e a s s n s  f3r  l eav i r ig  l o c k  msde 
o p e r a t i o n .  (1) Lsss 31' v a l i d  l o c k  caused  by t h e  a c c u r r e n c e  
o f  a n  i n v a l i d  p a t t e r n  r u n .  (2) Lsss a f  v a l i d  lsck because  
t h e  d a t a  q u a l i t y  d r s p s  bel3w a n  accept -ab le  l i m i t .  (-3) L3ss 
of i n v a l i d  l o c k  caused  by f a l s e  s y n c h r o n i z a t i s n  en '  r y  ts l s c k  
mode o p e r a t i o n .  ( 4 )  L3ss o f  i n v h l i d  lock because  3f a l o s s  sf 
b i t  s ynchron i  z a t, i a n  . 

The p r o b d b i l i l y  sf l o s s  sf v a l i d  lack w i t h  d 
minimum accepl  a b l e  d a t a  quality i s  p r e d i c t a b l e  by t n .  
v a l u e  can b t  i n c r e d s e d  a t  i h c  expense  3f incredair le ;  kL f a r  
d a t a  of a lower  q u a l i t y .  A l s 3  i n c r e d s i n g  1 may r e q u i r e  
i n c r e d s i n g  F . A l o n g e r  run  3f i n v a l i d  pc i i fe r r l s  waul3  I h t r e f 2 r e  
3 c c u r  becausg  3f a l o s s  i n  b i t  synchrsri i /- i l  i2n 3r ari i r , v d l i d  
e n t r y  t o  t h e  l o c k  msde because  Jf f d l S E  frame s y r i c h r s n i i a t i a n .  

T h i s  

r1 

L o s s  sf i n v a l i d  lsck b€cdUse sf f a l s i .  e r i ' r y  i n f 3  l - ~ ~ f  
mode or loss of v a l i d  b i t  sy r i ch ran iLd t i3n  s7ccurrlri.g when i r l  

l o c k  mode r e q u i r e s  t h a t  a mini~nurri t ime  s c w r  p r i 3 r  ' 2 rc tur r i iny ;  
t o  s e d r c h  operd i  i o n .  I n  g e n e r a l  i h i s  I i m c  would be set b y  1 hc 
FL s w i t c h .  S i n c e  F w i l l  be  s u c h  d s m a l l  pe rc tn tdg t .  sf' dr, 
e x p t c t e d  d a t a  r e c e p i i 3 n  i i m e ,  arid 1 he p r s b a b i l i i i e s  Jf i',dlse 
l o c k  e n t r y  and loss of b i t  s y n c h r o n i z a t i 3 n  s h o u l d  be q u i t e  
Ymdll, an g p t i m i z i n g  equaLior! r e l a t i n g  t h e s e  f u n c t  i s n ;  s h a u l q  
show a t r i v i a l  t f f e c i  3n i n v a l i d  131'11 a p e r a i  i o r i a l  :imc. 

L 

Thc synchrar i iza i  i 3 n  c r i i  e r i 3 n  fa13 i h i s  r e p o r t  r e q u i r e s  
t h a t  if I he  d a t a  q u a l i t y  f a l l s  below a d e s i r a b l e  v a l u e ,  l s c k  
mode o p e r a t i o n  i s  i e r m i n a t e d  a s  soar1 ds p o s s i b l e .  T h t  averdg;t 
t ime  p. for datd 3f a h i g h e r  BER t h d n  a c c e p t a b l e  will be used  
t o  d e f i n e  the l o c k  made EL and FL s w i t c h  s e t t i n g s .  L 

T a b l e  V shows ' J d l U e S  of trl for d a t a  r u n s ,  t ,  sf 
600 s e c m d s  a s  a f u n c t i 2 n  sf t h e  EL and F s w i t c h  s e t t i n g s  L 
(E,F), and data h a v i n g  'i BER 3f 1x10-*. A l s 3  shawn i s  t h e  
a v e r a g e  lack t i m e ,  ~ ~ ~ - 1 ,  f o r  d a t a  h a v i n g  a BER sf 1x10-1. 

The rat i : ,  o f  t /klo-l 

o f  s e t t i n g s  for a g i v e n  v d l u e  of t n  
p r o v i d e s  a medsure of  t h e  best c h s i c e  n 
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TABLE V 

LDck mode s w i t c h  s e t t i n g s  p r o v i d i n g  a g i v e n  v a l u e  of t n  for 
a 600 second d a t a  r u n  f o r  d a t a  h a v i n g  a BER af 1 x 10-2. 

EL' FL tn  
( a p p r o x i m a t e )  

0.9999 9999 

0.9999 99 

0.9999 99 

0 * 9997 

0.3995 

0 - 998 

0 - 994 

0.982 

13.06 

1.78 

1.52 

o ..29 

0.26 

0.38 

0.50 

0.17 

t n / U l O - l  

0.077 

0.562 

0.658 

3.447 

3.844 

2.626 

1.988 

5 - 776 

The EL and FL s w i t c h  s e t t i n g s  p r o v i d i n g  t h e  b e s t  
b a l a n c e  between tn and pl0-1 for an  e x p e c t e d  d a t a  r u n  of 600 
seconds  would be EL = 2, F 
s e t t i n g s  where FL = 3 would p r o v i d e  a s l i g h t l y  g r e a t e r  v a l u e  
o f  tn b u t  wl0-1 i s  i n c r e a s e d  a b o u t  0 .03  second from the FL = 5 

= 3 ,  o r  EL = 1, FL = 5. The L 

s e t t i n g s .  However, t h e  lower number o f  f rames  r e q u i r e d  f o r  
the  f i r s t  swi tch  s e t t i n g s  would a l l o w  o p e r a t i o n  i n  t h e  l o c k  
mode t o  be t e r m i n a t e d  two frames s o o n e r  if b i t  s y n c h r o n i z a t i o n  
were l o s t  3r a f a l s e  s y n c h r o n i z a t i o n  o c c u r r e d  a l l o w i n g  e n t r y  
t o  l o c k  mode o p e r a t i o n .  

I n  g e n e r a l ,  Table  V i n d i c a t e s  s e v e r a l  s w i t c h  s e t t i n g s  
t h a t  w i l l  p r o v i d e  s a t i s f a c t o r y  lDck mode o p e r a t i o n .  If t h e  
e x p e c t e d  t i m e  of a d a t a  r u n  were i n c r e a s e d  t o  6000 seconds  
( a b o u t  17 h o u r s )  t h e  p r e v i o u s l y  s t a t e d  b e s t  s e t t i n g s  would 
s t i l l  p r o v i d e  b e t t e r  t h a n  a 99 p e r c e n t  D r o b a b i l i t v  of 
m a i n t a i n i n g  s y n c h r o n i z a t i o n  l o c k  w i t h  d a t a  having-  a BER of 
1 x 10-2 [from Eq(7)1 ' .  

8 
I 
8 
8 
1 
8 - 29 - 
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Tab le  V I  shows t h e  v a l u e s  s i m i l a r  t o  t h o s e  of Tab le  V b u t  
for a maximum a c c e p t a b l e  BER o f  1 x 10-3. The b e s t  s w i t c h  
s e t t i n g s  w m l d  be EL = 1, FL = 2 p r o v i d i n g  a r e a s o n a b l e  
p r o b a b i l i t y  of m a i n t a i n i n g  l o c k  o p e r a t i o n  w h i l e  minimiz ing  
t h e  lock  t ime  for d a t a  hav ing  a BER of 1 ~ 1 0 - ~ .  If a d a t a  
run  t ime o f  6000 seconds  was expec ted ,  s e t t i n g s  o f  E = 3, 
F = 1 would p rov ide  b e t t e r  t h a n  99 p e r c e n t  p r o b a b i l k t y  
D!’ m a i n t a i n i n g  l o c k  k e e p i n g  kl0-2 t o  63 seconds .  S e t t i n g s  
of EL = 0, FL = 5 would p r o v i d e  abou t  t h e  same p r o b a b i l i t y  
of m a i n t a i n i n g  l o c k  o p e r a t i o n  b u t  would a l l o w  pl0.-2 t o  
i n c r e a s e  abou t  64 t i m e s  t o  o v e r  4 ,000 seconds .  

TABLE V I  
Lock mode s w i t c h  s e t t i n g s  p r o v i d i n g  a g i v e n  v a l u e  o f  tn  for a 
600 second d a t a  r u n  f o r  d a t a  hav ing  a BER o f  1x10-3 

( approx ima te )  
__I__. 

0.9999 998 

0.9999 99 
0.9997 
0.9994 
0.998 
0.987 
0.92 

c110-2 
( s e c o n d s )  
4 142 

968 
4,032 

63 
27  
93 

9 
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tn/k10 -2 

0.0002 

0.0010 

0.0002 
0.0159 
0.0369 
0.0106 
0.1022 
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5. CONCLUSIONS 

A d e s c r i p t i o n  of t he  o p e r a t i o n  of two PCM decDmmutat3r 
frrdme s y n c h r o n i z a t i o n  subsystems h a s  been p r e s e n t e d .  The 
3tc3mmutatDrs a r e  p a r t  of a r e a l  t ime informat iDn sys tem 
s u p p l y i n g  d a t a  t o  t h e  NASA Manned Space F l i g h t  T r a c k i n g  Network. 

p a t t e r n s  which must be v a l i d l y  d e t e c t e d  i n  o r d e r  t:, have 
c 3 r r e c t  decommutation o p e r a t i o n .  E r r o r  f r e e  d e t e c t i a n  o f  t h e  
p a t t e r n s  i s  p r e c l u d e d  s i n c e  p e r f e c t  d a t a  t r a n s m i s s i a n  i s  
n a t  a v a i l a b l e .  Thus,  a frame s y n c h m n i z a t i : , n  t h r e s h a l d  i s  
e s t a b l i s h e d  by a l l o w i n g  some number of  b i t  d i f f e r e n c e s  between 
a d e t e c t e d  p a t t e r n  and t h e  t r u e  p a t t e r n .  A d d i t i ~ n a l l y ,  t h e  
number o f  r e q u i r e d  s e q u e n t i a l  v a l i d  p a t t e r n s  i n  check mode 
and i n v a l i d  p a t t e r n s  i n  l o c k  made i n f l u e n c e  t h e  s y n c h r o n i z a t i o n  
t h r e s h o l d .  

P.P ce ive d t e 1 e m ~  t r y  d a  t.a h a  ve f rarne s y n c h r o n i z a t i o n  

A s y n c h r o n i z a t i o n  c r i t e r i o n  was s e l e c t e d  t h a t  i s  
b e l i e v e d  b e s t  f o r  decommutator usage i n  t h e  p r e s e n t  i n f a r m a t i o n  
sys tem.  T h i s  c r i t e r i o n  i s  t o  minimize t h e  a v e r a g e  t ime r e q u i r e d  
f o r  s y n c h r o n i z a t i o n  a c q u i s i t i o n  i f  d a t a  h a v i n g  a minimum q u a l i t y  
s e t  b y  a maximum a c c e p t a b l e  b i t  e r r o r  r a t e  (BER) a r e  a v a i l a b l e .  
I f  d a t a  of a p o o r e r  q u a l i t y  a r e  p r e s e n t  i t  i s  t h e n  d e s i r e d  t a  
i n c r e a s e  the a c q u i s i t i o n  t i m e  t o  keep t h e  subsys tem from l a c k  
o p e r a t i o n .  The c r i t e r i o n  a l s o  s e e k s  t o  have a h i g h  p r o b a b i l i t y  
o f  m a i n t a i n i n g  s y n c h r o n i z a t i o n  i f  t h e  d a t a  q u a l i t y  i s  a c c e p t a b l e .  
If d a t a  of a p o o r e r  q u a l i t y  occur  d u r i n g  s y n c h r 3 n i z a t i D n  maintenance 
i t  i s  d e s i r e d  t h a t  t h e  s y n c h r o n i z a t i a n  subsys+cm r e v e r t  t o  a n  
i n f e r i o r  mode of  o p e r a t i o n  i n  a minimum 1 ime. 

E q u a t i o n s  r e l a t i n g  p r o b a b i l i t i e s  311 1 a v e r a g e  t i m e s  of 
o b t a i n i n g  and m a i n t a i n i n g  frame s y n c h r o n i z a t i 2 n  were p r e s e n t e d .  
F i g u r e s  showing a v e r a g e  s y n c h r o n i z a t i o n  a c q u i s i t i m  and 
main tenance  t imes p r o v i d e  i n s i g h t  i n t o  t h e  e f f e c t s  o f  v a r y i n g  
t h e  t h r e s h o l d  s e t t i n g s .  

A d d i t i o n a l l y ,  t h e  c r i t e r i o n  was u s e d  t o  s e l e c t  t he  
"a l lowed p a t t e r n  b i t  e r r o r s "  and "number of p a t t e r n s "  s w i t c h  
s e t t i n g s  u n d e r  the assumpt ion  of maximum a c c e p t a b l e  BER's 
of  1 x 
10  m i n u t e s .  A high p r o b a b i l i t y  of  m a i n t a i n i n g  s y n c h r o n i z a t i o n  
was a l s o  i n d i c a t e d  f o r  a d a t a  r c e p t i o n  t i m e  of 100 minutes  w i t h  
t h e  s w i t c h  s e t t i n g s  f o r  1 x BER d a t a .  A change i n  s w i t c h  
s e t t i n g s  was n e c e s s a r y  f o r  t h e  l o n g e r  d a t a  t ime when the  maximum 
a c c e p t a b l e  BER was 1 x loq3 .  

and 1 x 10-3 for a d a t a  r e c e p t i o n  t ime o f  about  

- 31 - 
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The t e c h n i q u e s  used  i n  t h i s  r e p o r t  may be e x t e n d e d  
by d i g i t a l  computer computa t ion .  The approximat ion  used  t 3  
de termine  t h e  p r o b a b i l i t y  of  m a i n t a i n i n g  s y n c h r o n i z a t i o n  
could  b e  r e p l a c e d  by t h e  a c t u a l  p r o b a b i l i t y  f rom d i s t r i b u t i 3 n s  
p r e s e n t e d  i n  Appendix 11. S e v e r a l  c r i t e r i a  could  be programmed 
and t h e  average  t imes or p r o b a b i l i t i e s  p r e s e n t e d  w i t h  decommutator 
s w i t c h  s e t t i n g s .  Such a g e n e r a l  program would seem t o  be a 
v a l u a b l e  t o o l  for anyone u s i n g  PCM decommutators .  

All a n a l y s i s  i n  t h i s  r e p o r t  presumed p e r f e c t  b i t  
s y n c h r o n i z a t i o n .  I n  p r a c t i c e  t h i s  would n o t  be v a l i d  f a r  
p o o r  s i g n a l  t o  n o i s e  r a t i o s  and p a r t i c u l a r  b i t  s y n c h r o n i z e r s .  
The p r o b a b i l i t y  o f  b i t  s y n c h r o n i z a t i o n  s h o u l d  be c o n s i d e r e d  i n  
any f u t u r e  e f f o r t  t o  e s t a b l i s h  frame' s y n c h r o n i z a t i o n  t h r e s h o l d s .  



GLOSSARY OF TERMS 

T h i s  g l o s s a r y  i s  provided a s  a r e f e r e n c e  fJr t h e  
m a t h e m a t i c a l  t e r m i n o l o g y  and symbDls u s e d  i n  t h i s  p a p e r .  

A )  P m b a b i l i s t i c  E v e n t s  (Search  Made) 

S = The t r u e  sync w x d  e x i s t s  a t  a random 
independent  t r i a l .  

S' = The t r u e  sync  word d x s  nDt e x i s t  a t  a random 

T = The t r u e  sync  word i s  d e t e c t e d  a t  a randDm 

independent  t r i a l .  

independent  t r i a l .  

independent  t r i a l .  
F = A f a l s e  s y n c  word i s  d e t e c t e d  a t  a random 

5 = A s y n c  word ( t r u e  3r f a l s e )  i s  d e t e c t e d  a t  a 

N = No sync  word ( t r u e  or f a l s e )  i s  d e t e c t e d  a t  a 

P(T/S),  P ( F / S ) e t c .  = The c o n d i t i o n a l  p r o b a b i l i t y  of 

random independent  t r i a l .  

random independent  t r i a l .  

the  e v e n t .  

B )  Symbols ( S e a r c h  Mode) 

m = The number o f  independent  t r i a l s  i n  t h e  sync 

M = The number of  b i t s  p e r  d a t a  f rame ( M  = 1024)  

n 7 The number of b i t s  i n  the s y n c  word ( n  = 26) 

word s e a r c h  p r o c e s s  p e r  d a t a  f rame.  

= The a l lowed number of b i t s  i n  e r r o r  i n  t h e  sync  
word c o r r e l a t i o n  p r o c e s s  f o r  phase  1 of  t h e  
s e a r c h  mode. i s  a s w i t c h  s e l e c t e d  v a r i a b l e .  

E'l 

E = The a l lowed number of  b i t s  i n  e r r o r  i n  t h e  sync  
word c o r r e l a t i o n  p r o c e s s  f o r  phase  2 of  t h e  s e a r c h  
mode. E i s  a switch s e l e c t e d  v a r i a b l e .  

$2 

$2 
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qb = The b i t  e r r o r  p r o b a b i l i t y ,  ( q b  = 
. e t c . ) . T h e  t e r m  B i t  E r r o r  R a t e ,  BER, i s  u s e d  
synonomously w i t h  qb i n  t h e  t e x t  even though t h e  
b i t  e r r o r  r a t e  i s  t ime dependent  on t h e  b i t  r a t e  

Pb = l - q b  
ps = The p r o b a b i l i t y  t h a t  t h e  t r u e  sync  w3rd c o n t a i n s  

 herea as qb i s  n o t .  

o r  l e s s  e r r o r s  ( p  = P(T/s)) 
1 S 

$1 
E 

ps = p(T/S)  = ff)qbk pb26-k, f o r  n = 26 
1 

k=O 

qs = l - P s  
1 1 

= The p r o b a b i l i t y  t h a t  a random group o f  n b i t s  
pfl a p p e a r s  a s  a sync  word w i t h  Ed- or l e s s  e r r o r s .  E d  ' I  

= P(F/S') = 2 5 ( 2 E ) ( + ) 2 6 ,  f o r  n = 26), a l l o w i n g  
k= 0 

for complement agreements  

4f1 = 1-Py 
1 

p1 = The a v e r a g e  number of t r i a l s  r e s u l t i n g  i n  no sync  
b e f o r e  t h e  f i r s t  t r i a l  r e s u l t i n g  i n  s y n c  ( t r u e  or 
f a l s e ) .  

= The a v e r a g e  number o f  t r i a l s  r e s u l t i n g  i n  na 
sync  or f a l s e  sync b e f o r e  t h e  f i r s t  t r i a l  
r e s u l t i n g  i n  t r u e  s y n c .  

ptl 

= The a v e r a g e  number o f  t r i a l s  r e s u l t i n g  i n  no 
pfl sync or t r u e  sync  b e f o r e  t h e  f i r s t  t r i a l  

r e s u l t i n g  i n  f a l s e  sync  

p = The p r o b a b i l i t y  t h a t  t h e  t r u e  sync  word c o n t a i n  
'2 E@* o r 2 e s s  e r r o r s  

6 2  

qs = 1-p k=O 
2 s2 
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p = The p r o b a b i l i t y  t h a t  a random group of n b i t s  
'2 a p p e a r s  a s  a sync  word w i t h  E or less e r r a r s  

E d  $2 

$ = A sequence of m - 1  t r i a l s  SI SI.. .S. .  .S f  , w i t h  
t h e  t r u e  sync  word e x i s t i n g  a~ m e  k t h  t r i a l .  

P = The p r o b a b i l i t y  t h a t  t h e  t r u e  sync  ward i s  
found i n  the s e a r c h  mode 

Q = The p r o b a b i l i t y  t h a t  a f a l s e  sync wDrd i s  found 
i n  t h e  s e a r c h  mode. 

C )  Symbals (Check and Lock Modes) 

& =  An e v e n t  s a t i s f y i n g  c e r t a i n  p r o p e r t i e s .  For 
e x a m p l e E i s  a r u n  of 3 c o n s e c u t i v e  f a i l u r e s  
i n  a sequence of t r i a l s .  ( 3  c a n s e c u t i v e  bad 
sync words i n  3 c o n s e c u t i v e  frames) 

un = The p r o b a b i l i t y  t h a t  t h e  e v e n t  ~ c c u r s  a t  t h e  

U(s) = I: 

n t h  t r i a l  
2 + ulS + u S +. . . = t he  g e n e r a t i n g  f u n c t i o n  

3 2 
of t h e  p r o b a b i l i t i e s  un  

gn = The p r o b a b i l i t y  t h a t  a n  e v e n t & a c c u r s  for t h e  
f i r s t  t i m e  a t  the  n t h  t r i a l .  When t h e  symbal 
g i s  used t h e  e v e n t  w i l l  be a s u c c e s s  r u n  
( e  .g . ,  c a n s e c u t i v e  f rames  c 3 n t a i n i n g  a "gaod" 
sync word) of a s p e c i f i e d  l e n g t h .  

2 G ( s )  = go+gls+g2s +... = The g e n e r a t i n g  f u n c t i a n  sf 

bn = The p r o b a b i l i t y  t h a t  an e v e n t E 3 c c u r s  for t h e  
f i r s t  t i m e  a t  t h e  n t h  t r i a l .  When t h e  symbol 
b i s  u s e d  t h e  e v e n t  w i l l  be a f a i l u r e  r u n  
( e  .g. c o n s e c u t i v e  frames c o n t a i n i n g  a "bad" 
sync  w3rd) o f  a s p e c i f i e d  l e n g t h .  
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2 B(s) = bo+bls+b2s +... = t h e  g e n e r a t i n g  f u n c t i o n  o f  

t h e  p r o b a b i l i t i e s  b-. I n  r a t i o n a l  f r a c t i o n  
form, B(s) = x* I 1  

Ec = The a l lowed number of b i t s  i n  e r r o r  i n  t h e  sync 
word c o r r e l a t i o n  p r o c e s s  for t h e  check mode. Ec 

i s  a s w i t c h  s e l e c t e d  v a r i a b l e .  

EL = The a l lowed number o f  b i t s  i n  e r r o r  i n  t h e  sync 
word c o r r e l a t i o n  p r o c e s s  f o r  t h e  l o c k  mode. EL 

i s  a s w i t c h  s e l e c t e d  v a r i a b l e .  

p, = The p r o b a b i l i t y  t h a t  t h e  s y n c  word c o n t a i n s  E, 
o r  l e g s  e r r o r s  i n  t h e  check  mode. 

PL = The p r o b a b i l i t y  t h a t  t h e  s y n c  word c o n t a i n s  EL 
o r  l e s s  e r r o r s  i n  t h e  l o c k  mode. 

k 26-k EL 
'L = r;)'b pb 

k= 0 

qL = l-PL 

= The p r o b a b i l i t y  t h a t  a random group of  26 b i t s  
a p p e a r s  a s  a sync  word w i t h  E, 3r l e s s  e r r o r s .  

= The p r o b a b i l i t y  t h a t  a random group o f  26 b i t s  
a p p e a r s  a s  a s y n c  word w i t h  EL or l e s s  e r r o r s .  

= t = The p r o b a b i l i t y  t h a t  a n  e v e n t  & does  n o t  o c c u r  
i n  n t r i a l s  ( i . e .  t h e  p r o b a b i l i t y  t h a t  t h e  
e v e n t  € o c c u r s  a f t e r  t h e  n t h  t r i a l ) .  The tn 
a r e  t h e  " t a i l "  p r o b a b i l i t i e s  f o r  t h e  bn 
and g i v e  t h e  p r o b a b i l i t y  t h a t  a f a i l u r e  r u n  
of  s p e c i f i e d  l e n g t h  d o e s  n o t  o c c u r  U n t i l  
a f t e r  t h e  n t h  t r i a l .  

p fc  

p 
f~ 

d n n 
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The p r o b a b i l i t y  t h a t  an  e v e n t  does  n o t  occur  
i n  n t r i a l s  where t h e  e v e n t  i s  a f a i l u r e  r u n  of 
s p e c i f i e d  l e n g t h  w i t h  e a c h  t r i a l  h a v i n g  
p r o b a b i l i t y  pf ( i n v a l i d  s y n c ) .  

= t + t l s+ t2s  +... = The g e n e r a t i n g  f u n c t i o n  of 

z 
2 

0 

iiie p r * u l a l i i i i i e s  t n '  
The p r o b a b i l i t y  t h a t  an  e v e n t  does n o t  occur  
i n  n t r i a l s .  
f o r  gn and g ive  t h e  p r o b a b i l i t y  t h a t  a s u c c e s s  
r u n  of  s p e c i f i e d  l e n g t h  does  n o t  occur  u n t i l  
a f t e r  t h e  n t h  t r i a l .  

The hn a r e  t h e  " t a i l "  p m b a b i l i t i e s  

2 

t h e  p r o b a b i l i t i e s  hn 

= h +hls+h2s -t... = The g e n e r a t i n g  f u n c t i o n  of 
0 

r = The number of c o n s e c u t i v e  s u c c e s s e s , i . e .  
"good" sync words,  r e q u i r e d  i n  t h e  check 
mode. ( l e n g t h  of a s u c c e s s  r u n )  r = l,2y3y . . . e t c .  Fc = r i s  a s w i t c h  s e l e c t e d  v a r i a b l e .  

The ave rage  t r i a l  a t  which t h e  f i r s t  s u c c e s s  run 
of l e n g t h  r i s  completed.  

The v a r i a n c e  of  t h e  t r i a l  number a t  which t h e  
f i r s t  success  run  of l e n g t h  r i s  completed.  

P = The number o f  c o n s e c u t i v e  f a i l u r e s ,  i . e .  
"bad" sync words,  a l lowed i n  t h e  l o c k  mode. 
( l e n g t h  of a f a i l u r e  r u n ) ,  p = l,2y3 ,... e t c .  
FL = p i s  a 

The ave rage  t r i a l  a t  which t h e  f i r s t  f a i l u r e  run  
af length  ? is  completed.  

s w i t c h  s e l e c t e d  v a r i a b l e .  

The v a r i a n c e  of  the t r i a l  number a t  which t h e  
f i r s t  f a i l u r e  run  of l e n g t h  p i s  completed.  
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APPENDIX I 
Sea rch  Mode A n a l y s i s  

The b a s i c  3 b j e c t i v e  of t h i s  sppend ix  i s  t o  p m v i d e  
ii . i g h t  i n t 3  t h e  e f f t c t  s J f  changing t h e  s w i t c h  c o n t r o l l e d  
v r i , b l e s  on t h e  p r o b a b i l i t i e s  of t r u e  and f a l s e  s y n c h r o n i z a t i o n  

r i J  t h e  ave rage  t i m e  s p e n t  i n  t h e  s e a r c h  mode. I n  o r d e r  t o  
A - , r i b €  s e a r c h  mode Dpera t ion  i n  a s i m p l i f i e d  way the f o l l o w i n g  
i i  r 2 x i m a t i n g  s n a l y s i s  w i l l  be used .  F i r s t  s e v e r a l  b a s i c  e v e n t s  
JrL d e f i n e d :  

S = t h e  t r u e  sync  word  e x i s t s  a t  a rbnti3m independent  t r i a l  

SI = t h e  t r u e  sync  word does  n o t  e x i s t  a t  a rhndom 
independent  t r i a l  

T = t h e  t r u e  sync  word i s  d e t e c t e d  a t  a random 
independent  t r i a l  

t r i a l  
F = a f a l s e  sync word i s  d e t e c t e d  a t  a random independent  

5 = a sync  word ( t r u e  or f a l s e )  i s  d e t e c t e d  a t  a r- andom 

N = no sync  ward ( t r u e  o r  f a l s e )  i s  d e t e c t e d  a t  a random 

i n d e  pe ride n t t r i a  1 

independent  trial 

m = t h e  number of  independent  t r i a l s  p e r  d a t z  frame f o r  
1 3 c h t i n g  t h e  t r u e  sync word. The e v e n t  S ,  e x i s t e n c e  o f  
the t r u e  sync  word, o c c u r s  a t  one o f  t h e  m t r i a l s .  

The u s e  o f  m independent  t r i a l s  p e r  frame a l l o w s  s i m p l i f i e d  

5 m 5 M - ( n - 1 ) .  

a n i l y s i s  f o r  t h e  purpose of i l l u s t r a t i o n  snd approx ima t ion .  F3r  a 
frilme l f ing th  3f M b i t s  and a sync word l e n g t h  o f  n b i t s ,  
r i  <- M, 
dependence in  t h e  sync word s e a r c h  c o r r e l a t i o n  p r o c e s s  a t  t h e  complete  
o v e r l a p  p o s i t i o n  only .  A s h i f t  of one b i t  c a u s e s  the n e x t  t r i a l  t o  
be independen t .  The l3wer  bound co r re sponds  to h a v i n g  independence 
o n l y  a f t e r  t h e  k t h  g r o u p  v f  n b i t s  h a s  been s h i f t e d  o u t  3f t h e  
c 2 r r e l a t o r  and t h e  k + l t h  group i s  e n t e r e d .  From t h e  s t a n d p o i n t  
.if min imiz ing  t h e  number o f  p o s s i b i l i t i e s  p e r  d a t a  f rame f o r  f a l s e  
sync . ,  a sync  word cho ice  t e n d i n g  toward t h e  lower  bound would be 
d e s i r a b l e .  mh s u b j e c t  of sync word format  i s  d i s c u s s e d  i n  s e v e r a l  
re f e r e n c e  s 2y39'y and i t  i s  not o u r  purpose  t o  d e l v e  i n t o  t h e  m a t t e r .  
When a numer i ca l  va lue  i s  needed f o r  m i t  w i l l  be assumed t h a t  
a b x t  a 20$ o v e r l a p  i n  t h e  c o r r e l a t o r  a l l o w s  an " independen t "  t r i a l .  
F a r  M = 1024 and n = 26, t h e  v a l u e s  which a p p l y  t o  t h i s  s t u d y ,  t h i s  
g i v e s  n = 50. It i s  t h e r e b y  t a c i t l y 3 s s u m e d  t h a t  an "adequate"  cho ice  
oi' .:yrjc word format  has  been made. The f o l l o w i n g  p r o b a b i l i t i e s  w i l l  
be hs s igned  t o  t h e  c v e n t s  p r e v i o u s l y  d e f i n e d .  

The u p p e r  bound on m cor re sponds  t o  hav ing  

P ( S )  = 1 .  9 P(T/S) = p = t h e  p r o b a b i l i t y  t h a t  t h e  t r u e  sync  
'1 word c o n t a i n s  a t  most E e r r o r s .  
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26 -k $1 

For s e a r c h  phase  1, p, - ' 9, = l -Ps  

E 
and P(T/S') = 0. 

1 1 
1 - 2 (E6) qbk Pb 

k=O qb = b i t  e r r o r  p r o b a b i l i t y  

P(F/S') = p = t h e  p r o b a b i l i t y  t h a t  random b i t s  a c c u r  m - 1  P(S') = -* 

'1 a s  a s y n c  word w i t h  a t  most E m '  

= 1-p 
qfl f l  

and P(F/S) = 0 

f o r  s e a r c h  phase  1 

E@l 26 
= 2 (k ) (*)26,  a l l o w i n g  f o r  complement agreements ,  

k= 0 qfl= l- f l  
pfl 

P ( T , S )  = i;; 1 

and s i n c e  P(S/T) = 1 

1 
m s  P(T) = - p 

1 
m - 1  P(F,S') = - m pf l  

and s i n c e  P(S'/F) = 1 

m - 1  P(F) = - m 'fl 

1 m - 1  
1 

P(5) = ;;; Ps + - m P f l  

m - 1  + -  m q f l  

1 
P(N) = P(N/S) P(S) + P(N/S') P(S') = 

qsl 

and a t  any t r i a l :  P(S) + P(N) = 1 

u s i n g  P (S/T) P(T) = P(T/5) P ( S )  
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P(T/S) = t h e  p r o b a b i l i t y  t h a t  g i v e n  a sync  word i s  d e t e o t e d ,  it i s  t h e  
t r u e  sync word. ( i . e .  the  p r o b a b i l i t y  t h a t  phase 1 of t h e  
s e a r c h  mode t e r m i n a t e s  w i t h  t h e  t r u e  s y n c .  word f o u n d ) .  

u s i n g  P(S/F) P(F)  = P(F/S) P ( 5 )  

P(F/S) = t h e  p r o b a b i l i t y  t h a t  g i v e n  a sync  word i s  d e t e c t e d ,  i t  i s  a f a l s e  
sync word. ( i . e .  the  p r o b a b i l i t y  t h a t  phase 1 o f  t h e  s e a r c h  

mode c e r m i n a t e s  with a f a l s e  sync  word found)  

l e t  P(N) = q l  

P(S) = p '  

t h e n  v i a  a g e o m e t r i c  d i s t r i b u t i o n  approach:  

p i  + g i p '  + q l  2 pl + q l  3 p l  +.. = p l  (:,) 1 = 1, t h i s  i m p l i e s  
1 q  

t h a t  s m n e r  o r  l a t e r  a sync word w i l l  be d e t e c t e d  and phase 1 w i l l  
t e r m i n a t e .  F o r  the v a l u e s  o f  ps and pf p e r t i n e i n t  t o  t h i s  s t u d y  i t  

1 1 
i s  h i g h l y  probable  t h a t  phase 1 w i l l  t e r m i n a t e  i n  a " r e a s o n a b l e "  number 
o f  t r i a l s .  

Again v i a  t h e  geometr ic  d i s t r i b u t i o n ,  k1 = t h e  average  number of  'In3 
sync" t r i a l s  b e f o r e  t h e  first 

sync ' I  t r i a  1 
'SI+ ( m - 1 )  q f l  

( 3 )  
pfl 

P1 = Yl/P' = p, + ( m - 1 )  
1 

To check p1 f o r  qs 

" i d e a l  - - -  m - 1  
2 '  true sync  word I s  found. It i s  more i n t u i t i v e  t o  e x p e c t  

= 0, q = 1, t h e  i d e a l  c a s e ,  Is m i s l e a d i n g  s i n c e  
1 

= m-1,implying one frame i n t e r v a l  on t h e  average  b e f o r e  t h e  
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i m p l y i n g  t h a t  a h a l f  frame w i l l  p a s s  on the  a v e r a g e  b e f o r e  t h e  
f i r s t  sync word d e t e c t i o n .  

8 
1 If qs  = 0 and q = 1, however, t h e  p r o b a b i l i t i e s  P(S) = ;;;' and P ( S 1 )  = 

m - 1  - 1 
m 

do n o t  remain f i x e d  b u t  change w i t h  e a c h  t r i a l :  
1 m - 1  

2 m-2 
m 2 2 

'P(S1) = ; P(SI1)  = - m 

P(S2)  = -, P ( S '  ) = - 
3 m - 3  

3 P(S3)  == 2 P ( S '  ) = - m 

e t c .  

The t r i a l s  a r e  now dependent  s i n c e  f o r  e a c h  "no sync" t r i a l  
i t  i s  c e r t a i n  t h a t  t h e  t r u e  s y n c  word d i d  n o t  e x i s t  a t  t h a t  t r i a l  and 
t h e r e b y  becomes more p r o b a b l e  a t  t h e  n e x t  t r i a l .  
m k  m - 1  

i n  e q u a t i o n s  p r o c e s s  would a l l o w  the f a c t o r  m - 1  t o  be r e p l a c e d  by 

1) and 2 )  and i n  t h e  e q u a t i o n s  which f o l l o w  for " n e a r  i d e a l "  c a s e s .  

However, t h e  r a t i o s ,  P f l  ' p s 2  , e t c ,  have a s t r o n g e r  b e a r i n g  on how 

Adding t h e  P ( S k ) ,  

a s  e x p e c t e d  for t h e  i d e a l  c a s e .  A s i m i l a r  " a v e r a g i n g "  J g i v e s  - 2 
m - 1  

- -  
f 2  

P P 
s1 

q u a n t i t i e s  w i l l  v a r y  and t h e  t e r m  (m-l)pf  i m p l i e s  t h e  numberof o p p r t u n i t i e s  
f o r  f a l s e  sync  i n  a f rame.  F o r  t h e s e  r e a s o n s  t h e  n o t i o n  of i n d e p e n d e n t  
t r i a l s  w i l l  be adhered  t o  w i t h  t h e  r e s u l t i n g  f a c t o r ,  m - 1 .  

Also by s i m i l a r  r e a s o n i n g  t o  t h a t  u s e d  i n  o b t a i n i n g  e q u a t i o n  

= the  average  number of "no sync" o r  " f a l s e  sync"  t r i a l s  b e f o r e  t he  

3 :  

''1 f i r s t  " t r u e  sync" .  t r i a l .  

= qs + ( m - 1 )  = wl, f o r  p --t o 't- f ,  I I 1 

and 
= the a v e r a g e  number of "no sync"  or " t r u e  sync"  t r i a l s  

l.lfl b e f o r e  t h e  f i r s t  " f a l s e  sync" t r i a l .  , 
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for p +O 
f l  

e q u a t i o n  4 )  
m - 1 )  p.- 

i l  
Eqtn 4 )  i m p l i e s  t h a t  f o r  v a l u e s  of the  p r o b a b i l i t i e s  ( p  +O,ps +l) 

f l  1 
i t  i s  much more p r o b a b l e ,  r e l a t i v e l y ,  t h a t  phase  1 t e r m i n a t e  w i t h  t h e  
f i n d i n g  of t h e  t r u e  sync word. 

The outcomes o f  phase 2 o f  t he  s e a r c h  mode w i l l  now be 
c o n s i d e r e d  a s  c o n d i t i o n a l  upon whether phase 1 t e r m i n a t e d  w i t h  the  
f i n d i n g  of the t r u e  sync  word or w i t h  t h e  f i n d i n g  of  a f a l s e  sync  
word. Fol lowing  t h e  t e r m i n a t i o n  of  phase  1, the  sync  word s e a r c h  
p r a c e s s  w i l l  c o n t i n u e  f o r  up t o  m - 1  t r i a l s  w i t h  a d i f f e r e n t  b i t  
d i s a g r e e m e n t s  a l lowed c r i t e r i o n p e r  t r i a l  from t h a t  of  phase  1. F o r  
Dhase 2: 

k = O  k= 0 
1) Given t h a t  phase 1 t e r m i n a t e d  w i t h  t h e  f i n d i n g  D f  t h e  t r u e  sync  word 

t h e  p r o b a b i l i t y  t h a t  phase 2 does n o t  t e r m i n a t e  w i t h  t h e  f ' n d i n g  of 
a f a l s e  sync word b e f o r e  m - 1  t r i a l s  a r e  completed i s  q 

m-l = t h e  p r o b a b i l i t y  t h a t  a l l  m - 1  t r i a l s  r e s u l t  

m-'. 
f 2  

i n  
"no sync" (for a l l  t h e  m - 1  t r i a l s  o n l y  a f a l s e  
sync,  SI, can  e x i s t  s i n c e  i t  i s  g i v e n  t h a t  phase 
1 t e r m i n a t e d  w i t h  t h e  f i n d i n g  of  t he  t r u e  sync  
word) .  

and 1-q m-l = t h e  p r o b a b i l i t y  t h a t  a t  l e a s t  one f a l s e  sync  word 

f 2  
q 

f 2  i s  found and t h e r e b y  phase 2 t e r m i n a t e s  w i t h  
f a l s e  sync .  ( A t  mast m - 1  t r i a l s  a r e  r e q u i r e d ) .  

2 )  Given t h a t  phase  1 t e r m i n a t e d  w i t h  t h e  f i n d i n g  of  a f a l s e  sync  word, 
sequences of t he  f o l l o w i n g  form must be c o n s i d e r e d :  

Q1 = s S' S' S '  S'...S' 

JI, = S' s S' S' S'...S' 
J13 = S' S I  s S ' . . . . . . S '  

: = SI S' S' SI.. ... s $ m - 1  
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There a r e  m - 1  such  sequences  s i n c e  S can occur  a t  any  one of 
m - 1  p l a c e s .  Each sequence  r e p r e s e n t s  m - 1  t r i a l s  and t h e  p r o b a b i l i t y  
o f  e a c h  sequence i s  1 . 

m - 1  

The p r o b a b i l i t i e s  for t h e  outcomes o f  phase  2 c o n d i t i o n a l  
upon phase 1 t e r m i n a t i n g  w i t h  a f a l s e  sync  word w i l l  now be  shown 
f o r  t h e  m - 1  s equences .  The t h r e e  outcomes a r e :  1) t h e  t r u e  sync  
word i s  found, 2 )  no sync  word i s  found,  3) a n o t h e r  f a l s e  sync  word 
i s  found.  Outcome 1) l e a d s  t o  t r u e  sync  whereas  outcomes 2 )  and 3) l e a d  
t o  f a l s e  sync.  

i)  for t h e  sequence  JI, = S SI S f  SI.. .S , P (I),) = m-l 1 

1) p , f o r  t r u e  sync word found 

2 ) q s  g 
s 2  

2 s2  
m-2, f o r  n3 sync  word found 

m - 3  
2 2  + s 2  q f p  2 f 2 +  qS2qf22 P f 2  +. . . q s2qf2  p f 2  

3 )  qs P 

mi-2 
= (1-q1. ) ,  T a r  R f a l s e  sync  word found 

q s 2  2 
rn-2 m-2  

+ qs2-qs2qf2 ( n o t e  t h a t  P, + Y, qr = 1, t h e s e  a r e  
2 2 2  

a l l  t h e  p o s s i b l e  mi I Jrnc :, f a r  I),) 

1 ii) f o r  t h e  sequence  I) = SI S SI S 1 . . . S 1 ,  P(J12)  = m-l 2 

1 )  q p, , f3r  t r u e  sync word found 
D2 

2 )  9, Ys m-2 f a r  no sync  word found 

2 m - 3  
f2 

f a l s e  sync  word found.  
m-2 tn-2 

qf2Ps2  + qs2qf2 = I, 

I 
1 
I 
8 
I 
B 
I 
8 

t h e s e  a r e  a l l  t h e  p o s s i b l e  outcomes f a r  11,). 
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iii) f o r  t h e  sequence $ 3  = st S I  s S I  S I  s f  .. .s f ,  P ( I $ ~ )  = m-l 1 

, for t r u e  sync  word found 2 
f 2  p s 2  

1) 9 

m-2 
2 )  qs qf , f o r  no sync  word found 

2 2  
2 3 m - 3  3 )  Pf + q P + 9 qf P f 2  + q s 2 q 2  +.*.q,  qf. 

2 f 2  f 2  s 2  2 2 2 P f 2  

"-5) 

), for a f a l s e  sync  word found m-2 

e t c .  

1 m-1) for t h e  m-l th  sequence, $m-l = S t  SI S 1 . . . S ,  P ($m- l )  =- m - 1  

1) q m-2 p , for t r u e  s y n c  word found 

2 )  qs 9f m-2, fo r .  no sync  word found 
f 2  s 2  

2 2  

m-2 1 2 m-3  m-2 
3 )  P f 2  + qf2Pf2 + q f 2  P f 2  + " ' Y f 2  -qf 

),  f o r  a f a l s e  sync m-2 m-2 
- q  

f 2  
= ( l - q f  m-2)  + q s 2 ( q f 2  

2 

word found.  

Now a d d i n g  t h e  p r o b a b i l i t i e s  g ives :  

m-2 m-2 P + ( m - 1 )  qs 9f 
3 k1(ps2 + 9f2  Ps2 + 9f2  Ps 2 + . . 4 f 2  

52 + m-2  

(1-q . m - l )  
m-2  

-qS2qf2 
+ qs2 f 2  

( m - U P f  
2 
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I The p r o b a b i l i t i e s  f o r  t h e  outcomes of t h e  m - 1  t r i a l s  a f t e r  
t h e  t e r m i n a t i o n  of phase  1, g i v e n  t h a t  phase  1 t e r m i n a t e d w i t h  a f a l s e  
sync  w o r d  a r e  t h e r e f o r e :  

s2 
1) P ), f o r  f i n d i n g  t h e  t r u e  sync  word m - 1  

0 - q f  
2 

2 )  qs 9f m-2, f o r  f i n d i n g  no sync  word 
2 2  

m-2 m-2 
9 I 

m - 1  q f  
( l - q f  ) - ( m y  1 -9, 9f 

2 2 2 2  
m-2 

3 )  m-l 

f o r  f i n d i n g  a f a l s e  sync  word 

Adding t h e  t h r e e  a s  a check:  

9 f 2  ( l - q f  - m - 1 )  m-2 m-2 qs2 m-l) 
2 + -  ( 1 -qf + q s 2 q f 2  m - 1  + 2 

ps2 

L 

8 
8 
Q 

m-2 
m - 1  -qs2qf (1 -9.f ) s  

f 2  

-2) + m-2 - 
m - 1  f 2  

(1-q 
- f 2  

q f 2  + 9f2  

2 - - 'op 
m - 1  - m - 1  

rn-2 
( m - 1 )  p m - 1  m - 1  m - 1  

T h i s  i m p l i e s  t h a t  a l l  t he  outcomes f o r  t h e  up  t o  m - 1  

+ -  = 1  m-2 1 + -  = -  f 2  
1 -q 

- - 

f 2  

t r i a l s  of phase 2 have been accounted  f o r ,  g i v e n  t h a t  phase  1 
t e r m i n a t e d  w i t h  a f a l s e  sync .  

Now combining t h e  p r o b a b i l i t i e s  f o r  t h e  outcomes of  phase  
2,  c o n d i t i o n a l  upon t h e  outcomes o f  phase  1 g i v e s  t h e  o v e r a l l  
p r o b a b i l i t i e s  of  t r u e  and f a l s e  sync  a s  f o l l o w s :  

P = p r o b a b i l i t y  of t r u e  sync 

I 
I 
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Q = p r o b h b i l i t y  of' f a l s e  sync. 

(m-l)Pf '  m - 1  
* 9s qf 1 

2 2  
1 . (1-q m-l) + 

equa t iDn  6 ) .  p s  

f 2  P, + (m- l )p  
& =  P, + (m-l)pf  

1 1 1 f l  

1 
p, + (m- l )p  = + 1 - - 

p, + (m-1)p 
1 1 f2 
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The f a c t  t h a t  P + Q = 1 i s  s t i l l  dependent  upon t h e  3 r i C ; i r i d l  
c o n d i t i o n  t h a t  t h e  e v e n t  5 ,  a sync  word ( t r u e  o r  f a l s e )  i s  d e t e c t e d ,  
o c c u r s i n  phase 1. It was i n d i c a t e d  e a r l i e r  t h a t  t h e  o c c u r r e n c e  3f 5 
i n  a " r e a s o n a b l e "  number of phase 1 t r i a l s  i s  h i g h l y  p r o b a b l e  Par th6 
v a l u e s  of ps and p of i n t e r e s t .  

1 

Equat ion  5 )  can be s i m p l i f i e d  a l g e b r a i c a l l y  t 3  g i v e :  

and r a t h e r  t h a n  s i m p l i f y i n g  e q u a t i o n  6), t h e  f a c t  t h a t  Q = 1 - P  
can be u t i l i z e d  more c o n v e n i e n t l y .  

t h e  two d i f f e r e n t  e r r o r  c r i t e r i a  ( p h a s e  1 and phase  2 )  on t h e  
p r o b a b i l i t y  o f  t r u e  s y n c ,  The r a t i o s  pf and p a r e  the  

E q u a t i o n  7)  a l l o w s  examinat ion  of t h e  e f f e c t  o f  s e t t i n g  

s2 

f ?  

- 1 

1 
P PS 

i n t e r e s t i n g  v a r i a b l e s  s i n c e  t h e y  a r e  a f u n c t i o n  of t h e  b i t  e r m r  r a t e  
and t h e  number of e r r o r s  a l lowed i n  t h e  s e a r c h  mode c o r r e l a t i o n  p r s c e s s . ,  
t h e  two e r r o r  c r i t e r i a  b e i n g  d i f f e r e n t  i n  g e n e r a l  f o r  phase 1 and 2 .  
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APPENDIX I1 
Check and Lock Mode A n a l y s i s  

mathemat ica l  t e c h n i q u e s  u s e d  i n  o b t a i n i n g  numer ica l  v a l u e s  p e r t a i n i n g  
t o  t h e  d i s c u s s i o n s  o f  a v e r a g e  t ime i n  t h e  check and l o c k  modes a s  g i v e n  
i n  s e c t i o n s 3 i 4 .  The approach  f o l l o w s  t h e  methods u s e d  to a n a l y z e  
" r e c u r r e n t  g v e n t s "  g i v e n  i n  t h e  p r e v i o u s l y  c i t e d  r e f e r e n c e ,  An 
I n t r o d u c t i o n  t o  P r o b a b i l i t y  Theory and -- I t s  A p p l i c a t i o n s ,  by W i l l i a m  
F e l l e r ,  V o l u m r I  second e d i t i o n  John Wiley and Sons.  F o r  complete  
d e r i v a t i o n s ,  p r o o f s ,  examples e t c .  t h a t  r e f e r e n c e  i s  recommended. 
The b a s i c  o b j e c t i v e  of  t h i s  appendix i s  t o  p r o v i d e  i n s i g h t  i n t o  t h e  
e f f e c t s  of  changing  t h e  s w i t c h  c o n t r o l l e d  v a r i a b l e s  on t h e  p r o b a b i l i t i e s  
of v a l i d  checic ana  on t h e  average t ime s p e n t  i n  a c q u i s i t i o n  and l o c k .  
The i d e a  of  a r e c u r r e n t  e v e n t  i s  used  to d e s c r i b e  a p a r t i c u l a r  
p a t t e r n  o f  s u c c e s s i v e  outcomes r e p e a t i n g  i t s e l f  a t  v a r y i n g  i n t e r v a l s  
d u r i n g  i n d e p e n d e n t  B e r n o u l l i  t r i a l s .  The p a t t e r n s  o f  p a r t i c u l a r  
i n t e r e s t  i n  t h i s  r e p o r t  a r e  "success  r u n s  o f  l e n g t h  r" and 
" f a i l u r e  r u n s  of  l e n g t h  p " .  Each of  t h e s e  r e c u r r e n t  e v e n t s  h a s  
t h e  p r o p e r t y  of c o n s e c u t i v e  i d e n t i c a l  outcomes o f  " f a i l u r e "  or " S U C C ~ S S ~ '  
f o r  a s p e c i f i e d  number o f  t r i a l s  forming  a "run".  The examinat ion  o f  
e a c h  frame s y n c  word f o r  b i t  e r r o r s  c o n s t i t u t e s  a t r i a l .  F a i l u r e  or 
s u c c e s s  f o r  t h a t  frame depends upon t h e  number of e r r o r s  i n  e a c h  sync 
word e x c e e d i n g  or b e i n g  e q u a l  t o  o r  l e s s  t h a n  a p r e s e t  number of b i t s .  
The number of c o n s e c u t i v e  frame f a i l u r e s  ( l o c k  mode) o r  c o n s e c u t i v e  
frame s u c c e s s  ( c h e c k  mode) a r e  counted u n t i l  a p r e s e t  number i s  r e a c h e d  
c a u s i n g  a change i n  mode. When c o n s e c u t i v e  s u c c e s s e s  a r e  b e i n g  counted  
i n  t h e  check mode the  occurrence  of a f a i l u r e  r e s e t s  the  c o u n t e r  and 
t h e  system r e v e r t s  t o  t h e  s e a r c h  mode. When c o n s e c u t i v e  f a i l u r e s  a r e  
b e i n g  counted  i n  t h e  l o c k  mode the o c c u r r e n c e  o f  a s u c c e s s  r e s e t s  t h e  
c o u n t e r  and t h e  count  s t a r t s  over .  If t h e  p r e s e t  number of  c o n s e c u t i v e  
f a i l e d  f rames  i s  n o t  reached  the  system s t a y s  i n  t he  l o c k  mode. S i n c e  
t h e  count  b e g i n s  anew, a f t e r  each r e s e t  t h e  i d e a  of  a r e c u r r e n t  e v e n t  
i s  a p p l i c a b l e ,  t h e  r e c u r r e n t  event  b e i n g  a r u n  of  a p r e s e t  l e n g t h .  

T h i s  approach  i s  more d i r e c t l y  a p p l i c a b l e  t o  t h e  l o c k  mode 

The f o l l o w i n g  m a t e r i a l  o u t l i n e s  and g i v e s  examples of  t h e  

where,  u n d e r  r e a s o n a b l e  c o n d i t i o n s ,  i t  i s  e x p e c t e d  t h a t  t h e  f i r s t  
f a i l u r e  r u n  o f  l e n g t h  p w i l l  n o t  o c c u r  u n t i l  a l a r g e  number of t r i a l s  
( f r a m e s )  have p a s s e d .  The average number o f  t r i a l s  u n t i l  t h e  f i r s t  
f a i l u r e  r u n  o f  l e n g t h  p i s t h e r e f o r e  a d i r e c t  i n d i c a t i o n  o f  t h e  a v e r a g e  
t i m e  i n  l o c k  f o r  a g i v e n  b i t  e r r o r  r a t e ,  qb, a g i v e n  number of  b i t s  

a l lowed i n  e r r o r  i n  the sync  
c o n s e c u t i v e  f rames  al lowed i n  e r r o r ,  P =  F 

word, EL, and a g i v e n  number of 
L' 

I n  t h e  check mode t h e  number of t r i a l s  u n t i l  t h e  f i r s t  r u n  
of r = F s u c c e s s f u l  f rames i s  of p r i n c i p l e  i n t e r e s t  where t h e  
p r o b a b i l g t y  i s  h i g h  t h a t  t h e  f i r s t  r t r i a l s  r e s u l t  i n  t h e  f i r s t  r u n  o f  
r c o n s e c u t i v e  s u c c e s s .  T h a t  is, i n  o r d e r  t o  complete  the a c q u i s i t i o n  
p r o c e s s  ( s e a r c h  and check) ,  t h e  sync  word found i n  s e a r c h  must be 
immedia te ly  v e r i f i e d  by the next  r c o n s e c u t i v e  s y n c  word checks.  
However, f o r  t h e  MSFTP-1 t y p e  s y s t e m  where t h e  check mode i s  e n t e r e d  
immedia te ly  upon f i n d i n g  the f i r s t  sync word ( t r u e  or f a l s e ) ,  t h e  
average  number o f . t r i a l s  u n t i l  the  f i rs t  s u c c e s s  r u n  of r + 1 = F, + 1 
g i v e s  an  approximat ion  t o  t h e  average  number of  t r i a l s  r e q u i r e d  
for a c q u i s i t i o n .  
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The assumpt ion  o f  d a t a  frame s y n c h r o n i z a t i o n  ( n o t  
n e c e s s a r i l y  " t r u e "  s y n c )  i s  n e c e s s a r y  t o  a l l o w  e a c h  sync  word 
e r r o r  check t o  be c o n s i d e r e d  an  independent  t r i a l .  That  i s ,  
t h e  s e a r c h  mode i s  assumed completed w i t h  a sync  word hav ing  
been found  and t h e  f o l l o w i n g  d a t a  s t r e a m  i s  b e i n g  examined once 
each  frame p e r i o d  t o  de t e rmine  t h e  number of  sync  b i t s  i n  e r r o r  
i n  t h a t  frame. The p e r i o d i c  examinat ion  (once  e a c h  frame p e r i o d )  
of t h e  sync word r e s u l t s  i n  " success"  o r  " f a i l u r e "  for e a c h  sync  
word under  t h e  a l l o w a b l e  b i t s  i n  e r r o r  c r i t e r i a  chosen.  A n a l y s i s  
of t h e  s e a r c h  mode i t s e l f  i s  accomplished by d i f f e r e n t  methods 
d e s c r i b e d  i n  Appendix I. 

The f o l l o w i n g  symbols w i t h  t h e i r  d e f i n i t i o n s  w i l l  be 
used  : 

E = An e v e n t  s a t i s f y i n g  c e r t a i n  p r o p e r t i e s ,  e .g .  6 i s  a 
run  o f  3 c o n s e c u t i v e  f a i l u r e s  i n  a sequence of t r i a l s  
( 3  c o n s e c u t i v e  bad sync words i n  a sequence of sync  

un = The p r o b a b i l i t y  t h a t  t h e  e v e n t  E o c c u r s  a t  t h e  n t h  t r i a l ,  
t h e  sum uo + u1 
s o  t h a t  t h e  u do n o t  n e c e s s a r i l y  form a p r o b a b i l i t y  
d i s t r i b u t i o n .  

words ) .  

+u2 +... does n o t  n e c e s s a r i l y  e q u a l  1 

j 
By d e f i n i t i o n  uo = 1. 

2 U(s) = uo + u1 s + u2s  +... = The g e n e r a t i n g  f u n c t i o n  of  

t h e  p r o b a b i l i t i e s  u u i s  t h e  c o e f f i c i e n t  o f  t h e  
j t h  power of s and i s  t h e  p r o b a b i l i t y  t h a t E o c c u r s  a t  
t h e  j t h  t r i a l .  The v a r i a b l e  s i s  a r b i t r a r i l y  chosen 
w i t h  Is12 1 o r l s l  1 t o  s a t i s f y  convergence 
r e q u i r e m e n t s .  

gn = P r o b a b i l i t y  t h a t  t h e  e v e n t E o c c u r s  f o r  t h e  f i r s t  t ime 

j' j 

a t  t h e  n t h  t r i a l ;  t h e  sum go + gl + g2 +.. e q u a l s  1 

and t h e  gk form a p r o b a b i l i t y  d i s t r i b u t i o n .  
d e f i n i t i o n  g = 0. 

By 

0 
2 

G ( s )  = go+gls + g2s  +... = The g e n e r a t i n g  f u n c t i o n  o f  t h e  
p r o b a b i l i t i e s  gk.  gk i s  t h e  c o e f f i c i e n t  o f  t h e  k t h  

power o f  s and i s  t h e  p r o b a b i l i t y  t h a t E o c c u r s  for 
t h e  f i rs t  t ime a t  t h e  k t h  t r i a l .  G(1) = 1 s i n c e  t h e  
gk form a p r o b a b i l i t y  d i s t r i b u t i o n .  The p r o b a b i l i t y  
symbol gk w i l l  be  used  when t h e  e v e n t  i s  a s u c c e s s  
run  ("good" sync  word r u n )  of l e n g t h  r .  r i s  
de termined  by t h e  number of c o n s e c u t i v e  good sync 
words ("good" f rames)  which must o c c u r  b e f o r e  t h e  
sys tem t r a n s f e r s  t o  t h e  l o c k  mode. T h i s  number i s  
s e l e c t e d  v i a  a s w i t c h .  (The symbol Fc = r i s  used  
i n  t h e  d i s c u s s i o n  Of s e c t i o n s  3 and 4 ) .  
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S i n c e  un can be w r i t t e n  i n  c o n v o l u t i o n  form a s :  

un = g1 U n - l  + g 2  U n 4  + g3 U n - 3  +-.gn Uo' uo = 1, 

The r e l a t i o n  between the g e n e r a t i n g  f u n c t i 3 n s  U(s) and 
and G ( s )  i s , u ( s )  - 1 = G ( s )  U(s) 

bn = p r o b a b i l i t y  t h a t  t he  e v e n t  E o c c u r s  for t he  f i r s t  t ime 
a t  t h e  n t h  t r i h l ;  t h e  sum bo + bl + b2 +.. e q u a l s  1 

and t h e  bk farm a p r o b a b i l i t y  d i s t r i b u t i o n .  
a e f i n i t i a n  b = 0 

By 

3 
B ( s )  = bo + bl s + b 2 s  2 +... = The g e n e r a t i n g  f u n c t i o n  of 

t h e  p r o b a b i l i t i e s  bk and B(1) = 1. The p r o b a b i l i t y  
symbol bk will be u s e d  when t h e  e v e n t  c i s  a f a i l u r e  
r u n  ("bad" sync word r u n )  of l e n g t h  P .  p i s  
de termined  by t h e  number of c o n s e c u t i v e  "bad" sync  
words ("bad"  f r a m e s )  which a r e  a l lowed t o  o c c u r  i n  
t h e  l o c k  mode b e f o r e  t h e  sys tem r e v e r t s  to t h e  s e a r c h  
mode. T h i s  number i s  s e l e c t e d  by a s w i t c h .  (The 
symbol FL = p i s  u s e d  i n  t h e  d i s c u s s i o n  o f  s e c t i o n s  3 h ) .  

S i n c e  un can be w r i t t e n  i n  c o n v o l u t i o n  fa rm a s :  

u 

The r e l a t i o n  between t h e  g e n e r a t i n g  f u n c t i s n s  U(s) 
and B(s) is ,U(s)-1 = U(s) B(s) 

p = p r o b a b i l i t y  31' a good sync word. A good sync w3rd 
c o n t a i n s  E o r  fewer  b i t  e r r o r s  for t h e  check modi, 
and E o r  fewer b i t  e r r 3 r s  f a r  t h e  l o c k  mode. p i s  

a s s o c i a t e d  w i t h  " s u c c e s s "  or "gaod" sync w3rd .  

q = 1-p = p r a b a b i l i t y  D f  a bad sync w3rd .  g i s  a s s 2 c i a i e l  
w i t h  I ' f a i l u r e "  3r "bad" sync w3rd .  Each sync ward 
c o n t a i n 8  26 b i t s  s o  t h a t :  

p, = g f a q i p b 2 6 - k .  far t he  check made where y 

= blun-l + b2 u ~ - ~  + b3 u +... bnU3,  ~1~ = 1 n n -3 

C 

L 

i s  t h e  b i t  err3r p r a b a b i l i p y  

'b 
k=O 

= ]@-I. 10-2 e7 j ' .  

Pb = l - q b  

:L rid 

pL = E$-$)q2pb26-k, for t h e  l o c k  mode, where i n  e a c h  

k- 0 to be i n d e p e n d e n t .  

Ec i s  de termined  by a s w i t c h  s e t t i n g ,  and 

c a s e  the sync  b i t s  a r e  assumed 
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EL is determined  by a swi tch  s e t t i n g  

- t h e  p r o b a b i l i t y  t h a t 6 d o e s  n o t  Occur i n  n t r i b l s ,  e g .  tn - 
p n b s b i l i t y  t h a t  n3 f a i l u r e  r u n  l e n g t h  3 3r)curs i n  n t r i a l s .  

tn = bn+l + bn+2 + bn+3 +... 
The p r 2 b a b i l i t i e s  tn a r e  f o r  the " t a i l "  af the  p r o b a b i l i t y  

d i s t r i b u t l m  bn. 
A i s  t r i b u t  I a n .  

= t 

The p r o b a b i l i t i e s  tn do n o t  f3rm a p r o b a b i l i t y  

2 

p r a b a b i l i t i e  s tn  

+ t l  s + t 2 s  +.. = The g e n e r a t i n g  furicf i s n  of  t h e  
0 

t h e  p r o b a b i l i t y  t h a t €  does n o t  o c c u r  i n  n t r i a l s ,  e .g .  h = The 
p r o b a b i l i t y  t h a t  no  s u c c e s s  run  of l e n g t h  3 Occurs i n  n ? r i a l s  

hn = gn+l + gn+2 + gn+3 + * - -  

The p m b a b i l i t l e s  hn a r e  f o r  t he  " t a i l "  af' t h e  p r o b a b i l i t y  
d i s t r i b u t i D n  gn. 
d l s t r i b u t i o n .  

= h, + hl s + h2s 

The p r o b a b i l i t i e s  hn do not  f3rm a p r o b a b i l i t y  

2 

p r o b a b i l i t i e s  hn 

+... = The g e n e r a t i n g  f u n c t i o n  o f  t h e  

Based 3ri p a r t i a l  f r a c t i o n  expans ions  of  t h e  s e v e r a l  d e f i n e d  g e n e r a t i n g  
func t , ions ,  a p p r o x i m a t i o n s  f o r  t h e  p r o b a b i l i t i e s  w i l l  be g i v e n  a s :  

G(s) = 8-3 
K 

gn zz -&- where K i s  a const ,ant  de te rmined  from 
n + l  g 

s u b s t i t u t i o n  of t h e  s m a l l e s t  denominator  
r o o t ,  x ,  i n t o  -P s=x  

x i s  the  s m a l l e s t  r o o t  of Q ( s ) ; Q I  = 

X 

*) 

H(s) = 

X 

B ( s )  = 
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The relaLi3n between t h e  g e n e r a t i n g  f u n c t i o n  G ( s )  of t h e  
p r o b a b i l i t y  3 i s t r i b u t i 3 n  gn and Lhe g e n e r a t i n g  f u n c t i o n  H(s) f3r t h e  
" t a i l "  p m b a b i l i t i e s  hn = g,+l + gnt2 +... is: 

1 - G (  S )  
1 -s H(s) = 

S i m i l a r l y  f a r  B ( s )  a n d  T (  s )  : 

The f3 rmulas  f3r d e t e r m i n i n g  the mean and v a r i a n c e  from t h e  g e n e r a t i n g  
f u n c t i o n s  are: 

The e x p e c t a t i o n  (mean),  u = x k g k  

u = G'(1) = H(1): f o r  t h e  ave rage  t r i a l  number a t  which t h e  

g 

f irst  s u c c e s s  run  of l e n g t h  r i s  cample ted .  g 

2 2 =>' gk -kg The v a r i a n c e ,  Q 

u = G"(1) + G I  (1) -GI (1) = 2Hl (1) + H(1) - H (I); fsr 

g 
2 2 

g 
t h e  second moment abou t  t h e  mean of t h e  t r i a l  number 
a t  which t h e  f i r s t  s u c c e s s  run  of  l e n g t h  r o c c u r s .  

The e x p e c t a t i o n  (mean), wb=&kb, 

wb = B ' ( 1 )  = T ( 1 ) ;  f o r  t h e  ave rage  t r i a l  number a t  which t h e  
f i r s t  f a i l u r e  r u n  of l e n g t h  p i s  completed.  

2 The v a r i a n c e ,  ob2 = z k 2 b n  -wb 
k 

2 2 u = Bl ' (1)  + B ' ( 1 )  -B' (1) = 2 T t ( 1 )  + T ( 1 )  -T (1); f a r  b 
t h e  second moment abou t  t h e  mean o f  t h e  t r i a l  number 
a t  which t h e  f i r s t  f a i l u r e  r u n  o f  l e n g t h  p accur s .  

Some examples of c a l c u l a t i n g  p r o b a b i l i t i e s  of r e c u r r e n l  
e v e n t s  w i l l  now be g iven  u s i n g  t h e  p r e c e e d i n g  d e f i n i t i o n s .  

S e c t i o n  1: l e t € =  a s u c c e s s  run of l e n g t h  r 
u = t h e  p r o b a b i l i t y  t h a t E o c c u r s  a t  t h e  n t h  t r i a l  n 
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g i v e s  t h e  

t h a t  i s :  

or e t c .  - 

u s i n g  p = 

E q u a t i o n  11-1 

gn = t h e  p r o b a b i l i t y  t h a t 6 o c c u r s  f o r  t h e  f i r s t  t i m e  a t  t h e  
n t h  t r i a l .  ( A f t e r  the f i r s t  o c c u r r e n c e  o f E t h e  t r i a l s  
s t a r t  o v e r  and t h e  number of  t r i a l s  u n t i l  t h e  second 
o c c u r r e n c e  o f L i s  a g a i n  a random v a r i a b l e .  A f t e r  t h e  
second o c c u r r e n c e  o f 6  t h e  t r i a l s  s t a r t  o v e r  and t h e  
number of t r i a l s  u n t i l  t h e  t h i r d  o c c u r r e n c e  o f & i s  a 
random v a r i a b l e  e t c .  Hence t h e  name r e c u r r e n t  e v e n t ) .  

0 = by d e f i n i t i o n  
go = 0 

w r i t i n g  u a s ;  u = g u + g2 Un-2 + g3 U n - 3  + . . . g  n o  U 

form of t h e  c o n v o l u t i o n  g:un-k 

n n 1 n-1 

p r { t  o c c u r s  a t  n t h  for 1st t ime a t  1st 
t r i a l  and n-1  t r i a l s  l a t e r )  

f o r  1st t ime a t  2nd t r i a l  and n-2 t r i a l s  l a t e r  

t h e  c o n v o l u t i o n  g z  u ~ - ~  h a s  t h e  g e n e r a t i n g  f u n c t i o r , U ( s ) G ( s ) , ,  

p r o b a b i l i t y  o f  s u c c e s s  a t  e a c h  t r i a l ,  ( q  = 1-p)  

2 r -1 = p , r < n i s t h e  P 
) u n + Un-l  p + Un-2P +... n - ( r -I!? 

p r o b a b i l i t y  t h a t  t h e  r t r i a l s  n - ( r - 1 )  t o  n a l l  r e s u l t  i n  
s u c c e s s  w i t h  uo = 1 by d e f i n i t i o n  and u1 = u2 - u3 = u ~ - ~ = O  - 

2 The g e n e r a t i n g  f u n c t i o n  U(s) = u 0 + u l s  + u 2 s  
o b t a i n e d  by m u l t i p l y i n g  e a c h  s i d e  of  e q u a t i o n  1) by sn, 
r < - n a s  

+... i s  

f o l l o w s  
r r  u s r  = p s  r 

r+l r s+l 
= p s r+l + pups r+ls u 

r + 2  2 r+2 r r + 2  r+2 + p u r + p  : + P u r s  = p s 'r+2' 

s o  t h a t  e t c .  
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u ( s ) - 1  + sp(u(s)-1) + s 2 2  p ( u ( s ) - 1 )  +... s r-1 p r-1 (u(s)-1) 

= p r s r ( l  + s + s2 + s3 +... 

r-1 r-1 u(s) (1 + ps  + p 2 2  s +. . .pr- lsr- l )  -(1 + ps  + p 2 2  s . . p  s ) 

r r  = p s  
1 -s 

u s i n g  : 

G ( s )  = w 
( 1 -ps ) pr sr 

r r  
G ( s )  = 

( 1 -prsr)  ( 1 -s ) - - ( 1 - p s ) p  s 
r rtl r r+l 1-s+qp s 1-s+qp s 

r r  (1-s) (1-s p 

r r  r r  and H(s) - l-G(sl = l-'-P (I-') - 1-p s 
1 -s ( 1 - s ) ( l - s + q p  r s r+l ) - 1-s+qp r s r+l 

One method of  p roduc ing  the p r o b a b i l i t i e s  g i s  t o  d i v i d e  mt G ( s )  by 
l m g  d i v i s i o n .  
( A  s u c c e s s  r u n  of  l e n g t h  3 ) .  

T h i s  w i l l  be i l l u s t r a t e d  fop t h e  p a r t i c u l a r  cas€ r* = 3. 
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Thus t h e  p r o b a b i l i t y  t h a t  t h e  f i r s t  3 u c c e s s  r u n  of l e n g t h  3 i s  
completed a t  t h e  3rd t r i a l  (g,) i s  p , a t  t h e  7 t h  t r i a l  ( g  ) 

The f i r s t  few te rms  c o u l d  be de te rmined  by d i r e c t  r e a s o n i n g  w i t h o u t  
t o o  much d i f f i c u l t y ,  h i g h e r  o r d e r  terms would be l e s s  obvious  and a 
g e n e r a l  formula h a r d  t o  come by .  
and t h e  r e s u l t i n g  G ( s )  g e n e r a t e  t h e  p r o b a b i l i t i e s  d i r e c t l y ,  ( a l t h o u g h  
somewhat l a b o r o u s l y  when done by h a n d ) .  It seems r e a s o n a b l e  t h a t  
d i g i t a l  computing t e c h n i q u e s  could  be e f f e c t i v e l y  a p p l i e d  i f  many of 
t he  p r o b a b i l i t y  c o e f f i c i e n t s  of t h e  g e n e r a t i n g  f u n c t i o n s  were d e s i r e d  
t o  show t h e  d i s t r i b u t i o n .  (See  F i g u r e  AII-1) 

i s  qp3 ( l - p 3 ) ,  a t  t h e  1 1 t h  t r i a l  ( g  1) i s  q2p3{(l-p 3 [ ~ + 3 q - : ~ $  ... e t c .  

The r e c u r s i v e  r e l a t i o n  of  e q u a t i o n  1) 

Using = ~ ( 1 )  = 1 -pr 
g 
3 

- 1-P 
% - qp3 
and 

a = 2Hl 

= t h e  average  number of  t r i a l s  u n t i l  t h e  f i r s t  
s u c c e s s  r u n  o f  l e n g t h  3 i s  completed 

1) + H(1) -H2(1) 

t h e  v a r i a n c e  f o r  t h e  number 
of t r i a l s  u n t i l  t h e  f i r s t  
s u c c e s s  r u n  o f  l e n g t h  3 i s  
comple ted .  

3 To i l l u s t r a t e  l e t  p = T,  g = 1-p = t t h a t  i s ,  assume t h a t  
C C 

t h e  p r o b a b i l i t y  of a "good" sync word i s  374 t h e n :  

= 5.48 

s o  t h a t  u = 3.31 
g 

The d i s t r i b u t i o n  of t h e  p r o b a b i l i t i e s  i s  p l o t t e d  f o r  k =  3/4 
i n  F i g u r e  A 11-1. 
o b t a i n e d  by d i v i d i n g  o u t  t h e  g e n e r a t i n g  f u n c t i o n  G 3 ( s ) .  

These p r o b a b i l i t i e s  a r e  t h e  g n f o r  g ,  3 t h r o u g h  gl0 
The methods 
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of a p p r o x i m a t i n g  t h e  gn and t h e  hn w i l l  now be i l l u s t r a t e d .  

FIG. AII-1 DISTRIBUTION OF PROB,'\BILITIm ?LLOTTa FOR p, = 3/4 
P r o b a b i l i t y  of r u n  o f  3 
c o n s e c u t i v e  s u c c e s s e s  b e i n g  
completed f o r  t h e  f i rs t  t i m e  
a t  t r i a l  EO. n, w i t h  Pc = 

0.4 p r o b a b i l i t y  of s u c c e s s  a t  
e a c h  t r i a l  = 2 

-n 4 

Oq5 
0.422 

Prnh; u 

0.105 0.105 0.105 0.1 
0.0699 0.0498 0.0388 0.0276 

-_ 
j i - 6  7 9 10 11 3 4 

* I +  0 = 3.88 
g 

bg = 5.48 3 i s  completed 

Rounding o f f  i n  F i g u r e  A 11-1 t o  t h e  i n t e g r a l  v a l u e  c~ = 6, and u 

t o  t h e  i n t e g r a l  v a l u e  0 = 3, t h e  p r o b a b i l i t y  t h a t  t h r e e  c o n s e c u t i v e  
"good" frames o c c u r  a t  t h e  6 t h  frame o r  b e f o r e  i s  a p p r o x i m a t e l y  0.74 
o r  =: 75%. The p r o b a b i l i t y  t h a t  t h r e e  c o n s e c u t i v e  "good" frames a c c u r  
a t  t h e  9 t h  frame (b +u ) o r  b e f o r e  i s  a p p r o x i m a t e l y  0.88 o r  =: 9%. 
p r o b a b i l i t y  i s  a p p r o x i m a t e l y  0.5 t h a t  t h e  f i r s t  r u n  o f  t h r e e  ' 'goads" 
w i l l  o c c u r  a t  t h e  4 t h  fPame o r  b e f o r e  ( 3 r d  p l u s  4 t h ) ,  b u t  the  
d i s t r i b u t i o n  i n d i c a t e s  t h a t  it i s  a l s o  f a i r l y  p r o b a b l e  (approx .  0.08) 
t h a t  more t h a n  10  f rames  w i l l  be r e q u i r e d .  

f u n c t i D n s  G(s) and H(s) the  p r o b a b i l i t i e s  gn and hn can be appraximated  
by : 

n = t r i a l  number a t  
I which t h e  f i r s t  
I s u c c e s s  r u n  o f  l e n g t h  

g g g 

g 

The 
g g  

Thus h10 =: 0.08. 

By u t i l i z i n g  p a r t i a l  f r a c t i o n  e x p a n s i o n s  of t h e  g e n e r a t i n g  

. -  , where x i s  t h e  s m a l l e s t  r o a t  of 
X '+I. t h e  d e m m i n a t o r  o f  G (  s) and H(s). gn 

AI1 - 9 
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- 1 -px 
hn - ~ r + l - r x ) q  

1 
* n + l  

X 

a g a i n  us inE p = 3/4 g = I - p  =:., and r = 3 

s o l v i n g  x - t (2/1+)’x4 = 1 g i v e s  x r=. 1.375 b y  t r i a l  and e r m r  S O  t h a t  

gn - 

c C 

- 0.34C) 
n+l  ; (I. 3k) 

0.346 
lo ‘- (l.375)11 

s p e c i f i c a l l y  g - 

f o r  t h i s  example g - 0.0105 by t h e  appr3ximaTi3n meth3d 10 - 

whereas  gl0 -- 0.0276 a s  o b t a i n e d  from Lhc caefficien’ Jf’ sl‘ i r i  G (s) 
J 

0.924 
(1.375)n’1 

and hn =: 

I- 0.03 by t h e  approx ima t i3n  rncth3d 0.924 
( 1 .375 ) 

s p e c i f i c a l l y  h10 -- 

whereas  h10 r=. 0.08 a s  shDwn i n  F i g u r e  A 11-1. 

Again i t  seems r e a s 3 n a b l e  t h a t  d i g i t a l  computing t e c h n i q u e s  c s u l d  be 
e f ’ f e c t i v e l y  a p p l i e d  t o  e s t i m a t i n g  t h e  p r o b a b i l i t i e s  a s  w e l l  a s  p r3duc ing  
t h e  p r o b a b i l i t y  c o e f f i c i e n t s  o f  t h e  g e n e r a t i n g  f u n c t i o n s  a s  p r e v i m s l y  
rnenti2ned. 

S e c t i o n  2 :  

An i d e n t i c a l  p rocedure  t o  t h a t  i l l u s t r a t e d  i n  Sec t iDn  1 g i v e s  
t h e  g e n e r a t i n g  f u n c t i o n s  B(s) and T(s) and t h e  p r o b a b i l i t i e s  b 
when f a i l u r e  r u n s  o f  l e n g t h p  a r e  c o n s i d e r e d .  

For t h i s  ca se :  

and tn  n 

€ = a f a i l u r e  run  o f  p 

un = t h e  p r o b a b i l i t y  t h a t e o c c u r s  a t  t h e  n t h  t r i a l .  

bn = t h e  p r o b a b i l i t y  t h a t f o c c u r s  f o r  t h e  f i r s t  t ime a t  t h e  
n t h  t r i a l .  (Now t h e  r e c u p r e n t  e v e n t  i s  a f a i l u r e  run  of 

l e n g t h  p ) 
- AII-10 - 
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T h i s  t i m e  u t i l i z i n g  t h e  c o n v o l u t i o n  bk*un-k, and t h e  r e l a t i o n  B(s) 

g i v e s :  - u s  -+ 
B(s) = l-qs)qpg , which i s  i d e n t i c a l  i n  form t o  G ( s )  b u t  

l-s+pqpsp+l w i t h  p and q i n t e r c h a n g e d  and r r e p l a c e d  
by P . 

And s i m i l a r l y  s i v c e  T(s) = 

1-qp sp 
1 -s+p@ sp 

T ( s )  = 

I n  k e e p i n g  w i t h  t h e  example of  s e c t i o n  1 t h e  f i r s t  few 
c o e f f i c i e n t s  of  B(s) w i l l  be shown by l o n g  d i v i s i o n  f o r  p = 3. 

3 7  B 3 ( s )  = q 3 ~ 3 + p q 3 ~ 4 + p q 3 ~ 5 + p q ~ ~ ~ ~ ~ ~ 3 ( l - q  ) S  +pq3[1-q3(1+p)] S8+pS3[1-q3(1+2p)] S9+ 

pq3[1-q3(1+3p)ls10+. . . . 
6 7  

4 6 7  
-Pq s 3 3  3 4  -q s +q s 

Pq3S -Pq s 
3 4  3 5  -P9 s +P9 s 

e t c .  

The c o e f f i c i e n t s  of B ( s )  a r e  i d e n t i c a l  i n  form t o  t h o s e  of 

( H o p e f u l l y  t h e  

G ( s )  w i t h  p and q i n t e r c h 3 n g e d .  
however w i t h  r e s p e c t  t o  a p p l i c a t i o n .  F o r  c a s e s  of i n t e r e s t  to t h i s  
s t u d y  t h e  c o n d i t i o n  pL > qL o r  pL >>qL w i l l  p r e v a i l .  
p r o b a b i l i t y  of a "good" s y n c  word i s  c o n s i d e r a b l y  g r e a t e r  t h a n  t h a t  f a r  
a "badr' sync word) .  
which can  be c o n v e n i e n t l y  de te rmined  by hand computat ion a s  above w i l l  
be s m a l l .  ( I n  f a c t ,  a l l  o f  t h e  c o e f f i c i e n t s  w i l l  be s m a l l ) .  It i s  
o f  c o u r s e  d e s i r a b l e  t h a t  t h e  p r o b a b i l i t y  of a f a i l u r e  r u n  o c c u r r i n g  
i n  r e l a t i v e l y  few t r i a l s  be s m a l l .  

There  i s  one i m p o r t a n t  d i f f e r e n c e  

T h i s  means t h a t  t h e  i n i t i a l  c o e f f i c i e n t s  o f  B ( s )  

To i l l u s t r a t e  a g a i n  let pL = 3/4, qL = 1 f o r  p = 3, a f a i l u r e  
1)3 

Î 84 r u n  of  l e n g t h  3. F o r  t h i s  case wb = T ( 1 )  = 1-qp = l - ( ~  

Pqp (3/4) (*I3 

- AII-11 - 
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and 2 1 1 1 1 p  
ob2 = 2T' (1) + T ( 1 )  -T (1) = 2(- - - - - + - - ----) 

p2q2P P2$ Pqp Pqp 

ab = 82 

The average  t r i a l  number a t  which t h e  f i r s t  r u n  of 3 
c o n s e c u t i v e  f a i l u r e s  i s  completed (bb = 8 4 )  l i e s  f a r  beyond t h e  
number which can be c o n v e n i e n t l y  d i v i d e d  o u t  by hand t o  d e t e r m i n e  
t h e  p r o b a b i l i t y  c o e f f i c i e n t s  for t h e  example B 3 ( s ) .  
t h e  u s e f u l n e s s  of t h e  " t a i l s "  of t h e  d i s t r i b u t i o n ,  tn,  which g i v e  t h e  

p r o b a b i l i t i e s  t h a t  t he  f i r s t  f a i l u r e  r u n  o f  l e n g t h  p does n o t  occur 
u n t i l  a f t e r  t h e  n t h  t r i a l .  It a l s o  emphasizes  t h e  u s e f u l n e s s  of t h e  
approximat ion  formulas  for d e t e r m i n i n g  t h e  p r o b a b i l i t i e s  bn and tn.  

Also t h e  p o t e n t i a l  u s e f u l n e s s  of d i g i t a l  computing t e c h n i q u e s  becomes 
even more a p p a r e n t .  

now be c o n t i n u e d  by c o n c e n t r a t i n g  on the  " t a i l "  p r o b a b i l i t i e s ,  tn, and 
t h e  approximat ing  formulas  for tn and bn.  

n 3  f a i l u r e  r u n  of l e n g t h  p 3 c c u r s  i n  n t r i a l s  w i l l  be  g i v e n .  T h i s  i s  
e q u i v a l e n t  t o  t h e  p r o b a b i l i t y ,  tn, t h a t  t h e  f i r s t  f a i l u r e  r u n  o f  l e n g t h  
p o c c u r s  a f t e r  t h e  n t h  t r i a l .  The method u s e d  i s  t o  f i n d  a r e c u r s i v e  
r e l a t i o n  for t h e  p r o b a b i l i t i e s  s o  t h a t  a n  i t e r a t i o n  p r o c e s s  can be 
u s e d  t o  f i n d  t h e  k t h  p r o b a b i l i t y  i n  t e r m s  of t he  k - l t h  and k - 2 t h . . . O t h  

T h i s  emphasizes  

The i l l u s t r a t i o n  for f a i l u r e  r u n s  of l e n g t h  3 and pL = 3/4 w i l l  

F i r s t  an a l t e r n a t e  method of f i n d i n g  t h e  p r o b a b i l i t y  t h a t  

l e t S n  = p r o b a b i l i t y  of no f a i l u r e  r u n  of l e n g t h  p i n  n t r i a l s  

where go = 1, and p = p r o b a b i l i t y  of s u c c e s s  a t  e a c h  t r i a l ,  
q=1 -p 

f o r  P = 1 

2 4 = p  2 
4 -  3 

3 - p  
e t c .  for t h i s  c a s e  a l l  t r i a l s  must r e s u l t  i n  s u c c e s s  

- AII-12 - 
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2 Q* = p + pq = 1-q 

e t c .  

2 3 I) 3 = P+Pq+q P = I - q  

J - p [ l - s 3 ( l + P ) I + P s ( l - ~  3 2  )+q P = 1-q 3 (1+2P) 5 -  
: The p r o b a b i l l t i e s  f o r  p = 3 a r e  shown i n  mare 

e t c .  compact form t o  a l l o w  comparison t 3  the r e s u l t s  
t o  be o b t a i n e d  from T ( s ) .  3 

f o r  P = 4 

= J  1 -  - $  2 =$ 3 = 1 0 

e t c .  

- AII-13 - 
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These r e c u r s i v e  r e l a t i o n s  can be u s e d  t o  f i n d  t h e  
p r o b a b i l i t i e s  d i r e c t l y  by hand c a l c u l a t i o n  u n t i l  one becomes 
t i r e d .  The a p p l i c a t i o n  of d i g i t a l  computing t e c h n i q u e s  t o  t h e s e  
r e c u r s i v e  formulas  i s  c e r t a i n l y  d e s i r a b l e  where many p r o b a b i l i t i e s  
f o r  many v a r i a t i o n s  of t h e  p a r a m e t e r s  a r e  r e q u i r e d .  

3 3  1-q s 
3 F o r  p = 3;  T (s) = 

3 1-s+pq s4 

-l+s - p q J s '  
3 3 4  

2 3 5  

S 2 -q s3  -pq3s5 

S -33s3 -pq3s4 -pq s 
-Pq s -s+s 

s2 + s 

6 8 
1+5P)+Pq ( 2 + P ) I S  

-+3p)]  ,lo+. . . . . 

e t c .  

2 S o  t h a t  T (s) = to  + t l s + t 2 s  +... h a s  t h e  c o e f f i c i e n t s  tn = v n  f o r  t h e  

p r o b a b i l i t i e s  t h a t  t h e  f i r s t  f a i l u r e  r u n  o f  l e n g t h  3 o c c u r s  a f t e r  t h e  
n t h  t r i a l .  The p r o b a b i l i t y ,  t2, t h a t  t h e  f i r s t  f a i l u r e  r u n  of l e n g t h  
3 o c c u r s  a f t e r  t h e  2nd t r i a l  i s  1, a f t e r  t h e  4 t h  t r i a l ,  

3 6 t 4  = [ l - q  ( l + p ) ] ,  a f t e r  t h e  1 0 t h  t r i a l ,  t10 = [1-q3(1+7p)+pq ( 4 + 3 p ) ]  e t C .  

The f i r s t  few c o e f f i c i e n t s ,  tn, of T ( s )  a r e  s e e n  t o  be t h e  same a s  t h e  

$n o b t a i n e d  from t h e  r e c u r s i v e  r e l a t i o n  f o r  p = 3. 

f o r  t h e  d i s t r i b u t i o n  of p r o b a b i l i t i e s  t h a t  t h e  f i r s t  f a i l u r e  r u n  3f 
l e n g t h  3 o c c u r s  a t  t h e  n t h  t r i a l  w i t h  qL = $. 

3 

3 

F i g u r e  AII -2  g i v e s  a p l o t  of t h e  f i rs t  few p r o b a b i l i t i e s ,  bn,  

FIG. 111-2 DISTRIBUTION OF PROBz,BILITICS ILOTTED FCR b, 

0.0156 0.0117 0.0117 0.0117 0.0115 0.0114 0.0112 0.0111 
Prob.  0 .02t  I 

I 
I 
1 
I 

I 
i 
I 
I 
I 
I 
1 
I 

ab=82 t+) n = t r i a l  a t  which t h e  f i r s t  
I 

I J . ~  L- 8 4  f a i l u r e  o f  l e n g t h  3 i s  
completed.  
- AII-14 - 
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The number of c o e f f i c i e n t s ,  bn,  o b t a i n e d  from the g e n e r a t i n g  
f u n c t i o n  B ( s )  a r e  s e e n  to be f a r  s h o r t  of t h e  mean wb = 84.  

of the d i s t r i b u t i o n ,  bn,  of F i g u r e  A I I - 2 w i l l  b e  more u s e f u l .  t n  9 

t h e  approximat ion  method f o r  o b t a i n i n g  t h e  p r o b a b i l i t i e s  tn, t h a t  t h e  
f i r s t  f a i l u r e  r u n  o f  3 o c c u r s  a f t e r  t h e  n t h  t r i a l  t h e  f o l l o w i n g  
e s t i m a t i o n s  a r e  made: 

The " t a i l "  

By 
3 

t84 = t h e  p r o b a b i l i t y  t h a t  t h e  f i r s t  f a i l u r e  r u n  o f  3 o c c u r s  
a f t e r  k b J  t h e  average  t r i a l  a t  which t h e  f i r s t  f a i l u r e  
r u n  of 3 o c c u r s .  

tB4 = 0.324, t h e r e f o r e  t h e r e  i s  a p p r o x i m a t e l y  a 70% chance 
t h a t  t he  f i r s t  f a i l u r e  r u n  o f  3 o c c u r s  b e f o r e  the 
a v e r a g e  number of t r i a l s  f o r  t h a t  e v e n t  i s  r e a c h e d  

f o r  tn = 0.5, n = 56, s o  t h a t  a p p r o x i m a t e l y  h a l f  t h e  t i m e  
(median)  t h e  f a i l u r e  r u n  of 3 w i l l  o c c u r  a f t e r  t h e  
56th t r i a l .  

for n = IJ- + ab = 165, tn ;= 0.12, t h e r e  i s  a b o u t  a 90% chance 
t h a t  t h e  f a i l u r e  r u n  of 3 
o c c u r s  b e f o r e  the wb+ab t r i a l .  

By u t i l i z i n g  p a r t i a l  f r a c t i o n  expans ions  o f  the  g e n e r a t i n g  f u n c t i o n s  
B ( s )  and T ( s )  t h e  p r o b a b i l i t i e s  bn and tn can be approximated  by: 

where y i s  t h e  s m a l l e s t  r o o t  of  Y- l ) ( l -qY)  . 1 bn = ( 
(p f1-p  YIP yn+l t h e  denominator  of B ( s )  and T ( s )  

t h e  e q u a t i o n  y - p ~ & ' + ~  = 1 g i v e s  y for B ( s )  = 

Y(s) = l-s+pqpsp+' 

u s i n g  p = 3/4, g = 1-p = + and p = 3 

and s o l v i n g  y - ( 3 / 4 ) ( + )  y = 1 g i v e s  y ;= 1 . 0 1 3  by t r i a l  and e r r o r  3 4  L 

s p e c i f i c a l l y  b - 0.0118 0.0136 
n+l '  10  - s o  t h a t  bn = 

(1 .013)  
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whereas  b10 = 0.0111 a s  o b t a i n e d  from t h e  c o e f f i c i e n t  o f  s10 i n  B(s) 
= 0.907 1.047 

10 - ( 1. 013)11 
7.047 s p e c i f i c a l l y  t - and tn - 
(1 .013)  n+l '  

f o r  t h i s  example t10 =: 0.907 by t h e  a p p r o x i m a t i o n  method 
whereas  t10 - 0.903 a s  o b t a i n e d  from t h e  c o e f f i c i e n t  o f  s10 i n  T(s). 

An even more s imple  l i n e a r  e x p r e s s i o n  for tn i n  t e r m s  of t h e  
a v e r a g e  va lue  pb can  be o b t a i n e d  by a d d i t i o n a l  a p p r o x i m a t i o n s  based  on 
t h e  p a r t i a l  f r a c t i o n  approach .  
s m a l l  s o  t h a t  p. 

With t h e  r e s t r i c t i o n  t h a t  qLp be 

, and t h a t  p < n << wb 1 i s  l a r g e ,  lb = 1-q p b L 
P - 

PL~L' P L ~ L  

a r e a s o n a b l e  a p p r o x i m a t i n g  formula  f o r  t i s  o b t a i n e d  a s  f o l l o w s :  

F o r  9, t h e  s m a l l e s t  r o o t  of  t h e  denominator ,  
n 

Applying t h i s  approximate  v a l u e  o f  y t o  t h e  e q u a t i o n ,  

g i v e s  : 
- - ( 1 -qLY 1 1 

tn (p+l -py)pL * yn+l  

f o r  t h e  p r e v i o u s  example qL = *, P = 3 ,  wb = 84 
t10 = 85 . (1 - 11 ) = 0.907, which a g r e e s  w i t h  t h e  p r e v i o u s  

approximat ion  where y was found by t r i a l  and e r r o r .  I n  t h i s  
example yL i s  n o t  p a r t i c u l a r l y  s m a l l ,  b u t  qLp= ( * ) 3  a l l o w s  t h e  
c o n d i t i o n  

w i t h  w b  -84. 
t o  n <%b. 

- 1 = 85 t o  a g r e e  q u i t e  c l o s e l y  

T h i s  approximat ion  method i s  c l e a r l y  r e s t r i c t e d  
A l l  n l e s s  t h a n  ' 1 . ~ 1 ~ ~  w i l l  p r o b a b l y  a l l o w  r e a s o n a b l e  

1 - - q m n  'b -PLqL P 

e s t i m a t e s .  
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Apollo downlink telemetry. The basic objective was to determine the effects of 
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